Downloaded 05/26/14 to 137.111.13.200. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

SIAM J. CONTROL OPTIM.
Vol. 47, No. 4, pp. 1667–1700

c 2008 Society for Industrial and Applied Mathematics


DUALITY IN LINEAR PROGRAMMING PROBLEMS RELATED TO
DETERMINISTIC LONG RUN AVERAGE PROBLEMS OF
OPTIMAL CONTROL∗
LUKE FINLAY† , VLADIMIR GAITSGORY† , AND IVAN LEBEDEV‡
Abstract. It has been established recently that, under mild conditions, deterministic long run
average problems of optimal control are “asymptotically equivalent” to inﬁnite-dimensional linear
programming problems (LPPs) and that these LPPs can be approximated by ﬁnite-dimensional
LPPs. In this paper we introduce the corresponding inﬁnite- and ﬁnite-dimensional dual problems
and study duality relationships. We also investigate the possibility of using solutions of ﬁnitedimensional LPPs and their duals for numerical construction of the optimal controls in periodic
optimization problems. The construction is illustrated with a numerical example.
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1. Introduction. Inﬁnite horizon problems of optimal control have been studied intensively in both deterministic and stochastic settings (see [1], [2], [3], [6], [7],
[8], [9], [12], [14], [18], [19], [20], [21], [23], [26], [31], [37], [42], [43], [47], [56], and
references therein for a sample of the literature on the subject) with linear programming formulations being one of the main tools of treating stochastic problems (see,
e.g., [13], [16], [5], [38], [39], [41], [46], [51], [52], [60]).
A linear programming approach to deterministic long run average problems of optimal control was considered in [32] and [33], where it was established that these problems are “asymptotically equivalent” to inﬁnite-dimensional (I-D) linear programming
problems (LPPs) similar to those arising in stochastic control (see [13], [16], [41], [52]),
and it has been shown that these I-D LPPs can be approximated by ﬁnite-dimensional
(F-D) LPPs (F-D approximations of I-D LPPs arising in stochastic control problems
and in deterministic problems on ﬁnite intervals of time have been studied in [38], [46],
and in [48], respectively; F-D approximations of I-D LPPs arising in certain problems
of calculus of variations have been considered in [24]).
In this paper we introduce problems dual to the LPPs considered in [32] and
[33] (both F-D and I-D), and we study the corresponding duality relationships. We
also investigate the possibility of using solutions of F-D LPPs and their duals for
numerical construction of optimal controls in periodic optimization problems (thus
reﬁning the corresponding results of [32], where the option of using dual solutions was
not considered).
∗ Received by the editors November 30, 2006; accepted for publication (in revised form) February
12, 2008; published electronically June 11, 2008.
http://www.siam.org/journals/sicon/47-4/67639.html
† Centre for Industrial and Applied Mathematics, University of South Australia, Mawson Lakes,
SA 5095, Australia (luke.ﬁnlay@unisa.edu.au, v.gaitsgory@unisa.edu.au). The second author’s work
was supported by the Australian Research Council Discovery grants DP0346099 and DP0664330,
IREX grant X00106494, and Linkage International grant LX0560049.
‡ WorkCover Corporation of South Australia, 100 Waymouth St. Adelaide SA 5000, Australia
(ilebedev@workcover.com). This author’s work was supported by the Australian Research Council
Discovery grant DP0346099.

1667

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

Downloaded 05/26/14 to 137.111.13.200. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

1668

LUKE FINLAY, VLADIMIR GAITSGORY, AND IVAN LEBEDEV

Periodic optimization problems (POPs) constitute a special family of long run
average problems of optimal control, in which solutions are sought over the class of
periodic regimes. POPs arise in various applications, including vibration damping,
production planning, ﬂight control, chemical engineering, ecological modeling (see
[40], [45], [50], [53], [59], and references therein). A linear programming approach that
we continue to develop in the present paper provides a new analytical and numerical
tool for dealing with this important family of control problems.
The paper is organized as follows. Sections 2 and 3 contain some preliminaries,
the purpose of which is to help the reader put the developments of the subsequent
sections into perspective. In section 2, long run average problems of optimal control
and their reformulations in terms of occupational measures are considered. In section
3, some results of [32] and [33] that establish connections between the long run average
problems of optimal control and the I-D LPPs are restated.
Sections 4, 5, and 6 contain the main duality results. In section 4, the problem
dual to the I-D LPP is introduced and duality relationships are established (Theorem
4.1). The dual problem proves to be closely related to the Hamilton–Jacobi–Bellman
equation. Its solution is used to state some necessary and suﬃcient optimality conditions (Proposition 4.3 and Corollaries 4.4 and 4.5). In section 5, duality relationships
for an I-D LPP with a ﬁnite number of constraints are discussed (Theorem 5.2) and
convergence properties (as the number of constraints goes to inﬁnity) are established
(Proposition 5.1 and Theorem 5.6). In section 6, an F-D LPPs (deﬁned on grid points)
and its dual are considered, with their convergence properties (as the grid size goes to
zero) being established (Theorems 6.1 and 6.2). Also, in this section, a construction
of an approximate solution of the problem dual to the I-D LPPs introduced in section
4 is discussed (Proposition 6.3).
Sections 7 and 8 are devoted to construction of solutions of periodic optimization
problems. In section 7, it is established that, under certain conditions, the control
found with the help of an approximate solution of the problem dual to the I-D LPP
(constructed in section 6) converges to the optimal control (Theorem 7.1 and Corollary
7.2). In section 8, a numerical example is considered to illustrate the construction.
In sections 9 and 10, the proofs for sections 4, 5, 6, and 7, respectively, are
collected.
2. Preliminaries I: Occupational measures formulations. Consider the
control system
(2.1)

ẏ(τ ) = f (u(τ ), y(τ )),

τ ∈ [0, S],

where the function f (u, y) : U ×Rm → Rm is continuous in (u, y) and satisﬁes Lipschitz
conditions in y; the controls are Lebesgue measurable functions u(τ ) : [0, S] → U and
U is a compact metric space.
A pair (u(τ ), y(τ )) will be called admissible on the interval [0, S] if (2.1) is satisﬁed
for almost all τ ∈ [0, S] and y(τ ) ∈ Y ∀τ ∈ [0, S], where Y is a given compact subset
of Rm . The pair will be called admissible on [0, ∞) if it is admissible on any interval
[0, S], S > 0.
Let P(U ) be the space of probability measures deﬁned on the Borel subsets of
def 
U and f¯(ν, y) = U f (u, y)ν(du). Along with (2.1), let us consider a relaxed control
system
(2.2)

ẏ(τ ) = f¯(ν(τ ), y(τ )),

τ ∈ [0, S],
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in which controls are measurable functions ν(τ ) ∈ P(U ) (see [58]).
A pair (ν(τ ), y(τ )) will be called relaxed admissible on the interval [0, S] if (2.2)
is satisﬁed for almost all τ ∈ [0, S] and y(τ ) ∈ Y ∀τ ∈ [0, S]. The pair will be called
relaxed admissible on [0, ∞) if it is relaxed admissible on any interval [0, S], S > 0.
Let g(u, y) : U × Rm → R1 be a continuous function. We will be considering the
optimal control problem
1
S

(2.3)



S

inf

def

g(u(τ ), y(τ ))dτ = G(S)

(u(·),y(·))

0

and the corresponding relaxed optimal control problem
1
S

(2.4)
def


(ν(·),y(·))

S

def

ḡ(ν(τ ), y(τ ))dτ = Ḡ(S),

inf
0



where ḡ(ν, u) = U g(u, y)ν(du), and the ﬁrst (second) inf is over all admissible (respectively, relaxed admissible) pairs.
Let P(U × Y ) stand for the space of probability measures deﬁned on the Borel
subsets of U × Y . Given an admissible pair (u(·), y(·)), a probability measure γ ∈
P(U × Y ) will be said to be generated by this pair on the interval [0, S] if

(2.5)
U ×Y

1
q(u, y)γ(du, dy) =
S



S

q(u(τ ), y(τ ))dτ
0

for any q(·) ∈ C(U × Y ) (the space of continuous functions on U × Y ). A probability
measure γ ∈ P(U × Y ) will be said to be generated by an admissible pair (u(·), y(·))
on [0, ∞) if

(2.6)

1
S→∞ S



S

q(u, y)γ(du, dy) = lim
U ×Y

q(u(τ ), y(τ ))dτ
0

for any q(·) ∈ C(U × Y ) (the limit in the right-hand side of (2.6) is assumed to exist).
Given a relaxed admissible pair (ν(τ ), y(τ )), a probability measure γ ∈ P(U × Y ) will
be said to be generated by this pair on the interval [0, S] if

(2.7)
U ×Y

1
q(u, y)γ(du, dy) =
S



S

q̄(ν(τ ), y(τ ))dτ
0

for any q(·) ∈ C(U × Y ), with
def

(2.8)



q̄(ν, u) =

q(u, y)ν(du).
U

A probability measure γ ∈ P(U × Y ) will be said to be generated by an admissible
pair (ν(·), y(·)) on [0, ∞) if

(2.9)

1
S→∞ S



q(u, y)γ(du, dy) = lim
U ×Y

S

q̄(ν(τ ), y(τ ))dτ
0

for any q(·) ∈ C(U × Y ) and q̄(·) is as in (2.8) (the limit in the right-hand side of (2.9)
is assumed to exist).
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Thus deﬁned probability measures are called occupational measures (see, e.g.,
[7] and [30]). In what follows γ (S,u(·),y(·)) , γ (u(·),y(·)) will stand for the occupational
measures generated by an admissible pair (u(·), y(·)) on [0, S] and [0, ∞), respectively,
and γ (S,ν(·),y(·)) , γ (ν(·),y(·)) will stand for the occupational measures generated by a
relaxed admissible pair (ν(·), y(·)) on [0, S] and [0, ∞), respectively.
Denote by Γ(S) ⊂ P(U × Y ) and Γ̄(S) ⊂ P(U × Y ) the set of all occupational
measures generated by the admissible (respectively, relaxed admissible) pairs on the
interval [0, S]. That is,




 
def
def
(2.10)
Γ(S) =
γ (S,u(·),y(·)) ,
γ (S,ν(·),y(·)) ,
Γ̄(S) =




u(·), y(·)

ν(·), y(·)

where the unions are over all admissible and, respectively, relaxed admissible pairs on
[0, S]. Using these notations, one can rewrite the problem (2.3) as

(2.11)
inf
g(u, y)γ(du, dy) = G(S)
γ∈Γ(S)

and the problem (2.4) as
(2.12)

U ×Y


inf

γ∈Γ̄(S)

g(u, y)γ(du, dy) = Ḡ(S).
U ×Y

Note that Γ(S) ⊂ Γ̄(S) and G(S) ≥ Ḡ(S). In a special case when Y is forward
invariant with respect to the solutions of (2.1), from Filippov–Wazewski’s theorem
(see, e.g., Theorem 10.4.4 in [11]) it follows that Γ̄(S) is equal to the closure of Γ(S)
and G(S) = Ḡ(S) for any S > 0.
Let us introduce a metric ρ(·, ·) on P(U × Y ) by the equation


∞
1

 def

ρ(γ , γ ) =
qj (u, y)γ (du, dy) −
qj (u, y)γ  (du, dy) ,
(2.13)
j
2
U
×Y
U
×Y
j=1
where γ  , γ  ∈ P(U × Y ), and qj (·), j = 1, 2, . . . , is a sequence of Lipschitz continuous
functions that is dense in the unit ball of C(U ×Y ). Note that this metric is consistent
with the topology of weak convergence in P(U ×Y ). Namely, a sequence γ k ∈ P(U ×Y )
converges to γ ∈ P(U × Y ) in this metric if and only if


(2.14)
lim
q(u, y)γ k (du, dy) =
q(u, y)γ(du, dy)
k→∞

U ×Y

U ×Y

for any q(·) ∈ C(U × Y ). Note also that the space P(U × Y ) is known to be compact
in the topology of weak convergence (see, e.g., [15]), and, hence, being equipped with
the metric (2.13), it becomes a compact metric space.
Using ρ(·, ·), one can deﬁne the Hausdorﬀ metric on the subsets of P(U × Y ) as
follows: for any Γ1 ⊂ P(U × Y ) and Γ2 ⊂ P(U × Y ),
def

ρH (Γ1 , Γ2 ) = max{ sup ρ(γ, Γ2 ), sup ρ(γ, Γ1 )},
(2.15)

γ∈Γ1

γ∈Γ2


def

ρ(γ, Γi ) = inf
ρ(γ, γ ), i = 1, 2.

γ ∈Γi

Note that, although, by some abuse of terminology, we call ρH (·, ·) a metric on the set
of subsets of P(U × Y ), it is, in fact, a semimetric on this set (since ρH (Γ1 , Γ2 ) = 0
implies that Γ1 = Γ2 if and only if Γ1 and Γ2 are closed).
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3. Preliminaries II: Limit linear programming problem. Deﬁne the set
W ⊂ P(U × Y ) by the equation

def
(φ (y))T f (u, y)γ(du, dy) = 0 ∀φ(·) ∈ C 1 ,
(3.1) W = γ ∈ P(U × Y ) :
U ×Y

where C 1 is the space of continuously diﬀerentiable functions φ(y) : Rm → R1 and
φ (y) is a vector column of partial derivatives (the gradient) of φ(y).
It is easy to see that W is closed and compact in weak convergence topology of
P(U × Y ). Also, it is easy to see that W is convex.
Assuming that W is not empty (see Remark 4.2 below about a necessary and
suﬃcient condition for this to be the case), let us consider the problem

def
(3.2)
min
g(u, y)γ(du, dy) = G∗ ,
γ∈W

U ×Y

where g(·) is the same as in (2.3) and (2.11). Since both the objective function and
the constraints deﬁning W are linear in γ, the problem (3.2) is that of I-D linear
programming (see, e.g., [4]). Note that a problem similar to (3.2) was introduced in
[41] and [52] in a much more general stochastic setting. The problem (3.2) will in
what follows be referred to as the limit linear programming problem (LLPP). In the
rest of this section we restate some results of [32] and [33] that are important for our
further consideration.
Theorem 3.1. (i) If the set W is empty, then there exists S0 > 0 such that Γ̄(S)
(and, hence, Γ(S)) are empty for S ≥ S0 . If W is not empty, then Γ̄(S) is not empty
def
for S > 0. If W is not empty and, in addition, the set f (U, y) = {η : η = f (u, y), u ∈
U } is convex for all y ∈ Y , then Γ(S) is not empty for S > 0.
(ii) Let W be not empty. Then
(3.3)

lim ρH (coΓ̄(S), W ) = 0

S→∞

and
(3.4)

lim Ḡ(S) = G∗ .

S→∞

(iii) If Y is forward invariant, then
(3.5)

lim ρH (coΓ(S), W ) = 0

S→∞

and
(3.6)

lim G(S) = G∗ .

S→∞

Proof. The statements (i) and (ii) have been established in [33], their proofs being
similar to the proofs of Theorem 2.1 in [29] and Proposition 5 in [32]. The statement
(iii) is implied by Proposition 5 in [32].
Remark 3.2. In the terminology introduced in [10], the fact that the set Γ(s)
(or Γ̄(s)) is not empty for all S > 0 means that the viability kernel of the control
system (2.1) (respectively, relaxed control system (2.2)) is not empty in Y . Hence,
from Theorem 3.1(i) it follows that the viability kernel of the relaxed control system
(2.2) is not empty in Y if and only if W is not empty, and, under the condition that
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the set f (U, y) is convex for all y ∈ Y , the viability kernel of the control system (2.1)
is not empty in Y if and only if W is not empty. Note that an alternative way of
establishing this statement was proposed by Quincampoix, and it will be included in
a separate publication.
Theorem 3.3. Assume that W is not empty. Then, corresponding to any extreme
point γ of W , there exists a relaxed admissible pair (ν(·), y(·)) such that γ is generated
by this pair on [0, ∞) (that is, γ = γ (ν(·),y(·)) ).
Proof. The theorem has been established in [33]. The proof is based on Proposition 4.4 in [17] and on Lemma 5.1 in [29].
Consider the problem

1 S
def
(3.7)
inf
lim
g(u(τ ), y(τ ))dτ = G∞
(u(·),y(·)) S→∞ S 0
and the problem
(3.8)

1
(ν(·),y(·)) S→∞ S
inf



lim

S

def

ḡ(ν(τ ), y(τ ))dτ = Ḡ∞ ,
0

where the infs in (3.7) and (3.8) are over all admissible and, respectively, over all
relaxed admissible pairs on the interval [0, ∞) such that the corresponding limits
exist.
Corollary 3.4. If W is not empty, then Ḡ∞ = G∗ and the problem (3.8) has
a solution. That is, there exists (ν(·), y(·)), a relaxed admissible pair on [0, ∞), such
that

1 S
(3.9)
lim
ḡ(ν(τ ), y(τ ))dτ = G∗ .
S→∞ S 0
Proof. The statement is implied by Theorem 3.3 and by the fact that LLPP (3.2)
always has an extreme point solution.
For the problem (3.7) to have a solution, one needs to introduce additional assumptions. In particular, one can use Corollary 3.4 and a standard measurable selecdef
tion argument to show that, if (g, f )(U, y) = {(ζ, η) : ζ = g(u, y), η = f (u, y), u ∈ U }
is convex for all y ∈ Y , then G∞ = G∗ and there exists (u(·), y(·)), an admissible pair
on [0, ∞), such that

1 S
(3.10)
lim
g(u(τ ), y(τ ))dτ = G∗ .
S→∞ S 0
Along with the problems considered above, let us also consider the problem

1 S
def
(3.11)
inf
lim
g(u(τ ), y(τ ))dτ = Gper ,
(u(·),y(·))per S→∞ S 0
where inf is over all periodic admissible pairs, that is, over the admissible pairs such
that
(3.12)

(u(τ ), y(τ )) = (u(τ + T ), y(τ + T )) ∀τ ≥ 0,

for some T > 0. Note that the problem (3.11) is equivalent to a so-called periodic
optimization problem

1 T
g(u(τ ), y(τ ))dτ = Gper ,
(3.13)
inf
(u(·),y(·)) T 0
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where inf is over the length of the time interval T and over the admissible pairs deﬁned
on [0, T ] which satisfy the periodicity condition y(0) = y(T ).
In the general case the optimal values of the problems (2.3), (3.7), and (3.11)
satisfy the inequalities
limS→∞ G(S) ≤ G∞ ≤ Gper

(3.14)

⇒ G∗ ≤ Gper ,

and, under some additional assumptions,
lim G(S) = G∞ = Gper

(3.15)

S→∞

⇒ G∗ = Gper .

Suﬃcient conditions for the equalities (3.15) to be valid have been considered in [27],
[28], [35], and [36].
Lemma 3.5. If there exists a solution of the LLPP (3.2) that is generated by
a periodic admissible pair, then this pair is a solution of the periodic optimization
problem (3.13), and the inequalities (3.14) turn into equalities (3.15). Conversely, if
equalities (3.15) are valid and if a solution of the periodic optimization problem (3.13)
exists, then the occupational measure generated by this pair is a solution of the LLPP
(3.2).
Proof. The proof follows from (3.14) and from the deﬁnition of the occupational
measures.
4. Dual problem and duality relationships. Deﬁne the problem dual to
LLPP (D-LLPP) by the equation
(4.1)

sup

def

μ = μ∗ ,

(μ,ψ(·))∈D

with the feasible set D ⊂ R1 × C 1 deﬁned as
(4.2)

def

D = {(μ, ψ(·)) : μ =

min

(u,y)∈U ×Y

{g(u, y) + (ψ  (y))T f (u, y)} , ψ(·) ∈ C 1 } .

It can be readily seen that, if W = ∅ and γ ∈ W , then for any (μ, ψ(·)) ∈ D (note
that D is never empty),


(4.3)
μ≤
(g(u, y) + (ψ  (y))T f (u, y))γ(du, dy) =
g(u, y)γ(du, dy)
U ×Y

U ×Y

⇒ μ∗ ≤ G∗ .

(4.4)

The following statements establish more elaborate connections between LLPP (3.2)
and D-LLPP (4.1).
Theorem 4.1.
(i) The optimal value of D-LLPP (4.1) is bounded (that is, μ∗ < ∞) if and only
if the set W is not empty.
(ii) If the optimal value of D-LLPP (4.1) is bounded, then
μ∗ = G∗ .

(4.5)

(iii) The optimal value of D-LLPP (4.1) is unbounded (that is, μ∗ = ∞) if and
only if there exists a function ψ(·) ∈ C 1 such that
(4.6)

max

(u,y)∈U ×Y

(ψ  (y))T f (u, y) < 0.
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Proof. The proof of Theorem 4.1 is given in section 9.
Note that, in a stochastic setting, a duality result similar to Theorem 4.1(ii) (with
Y = Rm ) has been obtained in [16].
Remark 4.2. From the statements (i) and (ii) it follows that the set W and, hence,
the set Γ̄(S) (and also the set Γ(S) provided that f (U, y) is convex for all y ∈ Y ) are
not empty (see Theorem 3.1(i)) if and only if a function ψ(·) ∈ C 1 satisfying (4.6)
does not exist. Note that, if such a function ψ(·) exists, then the fact that Γ̄(S)
(and, hence, Γ(S)) are empty for S ≥ S0 (for some S0 > 0) follow from the fact that
this ψ(·) can be used as a Liapunov function decreasing along the trajectories of the
system (2.2) (respectively, (2.1)) and “forcing” them to leave Y in a ﬁnite time.
Assume that μ∗ < ∞. A function ψ∗ (·) ∈ C 1 will be called a solution of D-LLPP
(4.1) if
μ∗ =

(4.7)

min

(u,y)∈U ×Y

{g(u, y) + (ψ∗ (y))T f (u, y)}.

Deﬁning H(p, y) by the equation
def

H(p, y) = min{g(u, y) + pT f (u, y)}

(4.8)

u∈U

and rewriting (4.7) in the form
(4.9)

μ∗ = min H(ψ∗ (y), y)
y∈Y

⇒

μ∗ ≤ H(ψ∗ (y), y) ∀y ∈ Y,

one can come to a conclusion that a solution ψ∗ (·) of D-LLPP (4.1) is a smooth
viscosity subsolution of the corresponding Hamilton–Jacobi–Bellman equation (see
[12] and [26] for relevant deﬁnitions and developments).
Given a solution ψ∗ (·) of D-LLPP (4.1), deﬁne the set Ω∗ ⊂ U ×Y by the equation
(4.10)

Ω∗ = {(u, y) ∈ U × Y : g(u, y) + (ψ∗ (y))T f (u, y) = μ∗ }.
def

Proposition 4.3. Let μ∗ < ∞ and ψ∗ (·) be a solution of D-LLPP (4.1). Then
γ ∈ W will be a solution of the LLPP (3.2) if and only if
γ(Ω∗ ) = 1.

(4.11)

Proof. By Theorem 4.1(ii), a probability measure γ belonging to W will be a
solution of the LLPP (3.2) if and only if


(4.12)
μ∗ =
g(u, y)γ(du, dy) =
(g(u, y) + (ψ∗ (y))T f (u, y))γ(du, dy).
U ×Y

U ×Y

Since (see (4.7))
(4.13)

μ∗ ≤ g(u, y) + (ψ∗ (y))T f (u, y) ∀(u, y) ∈ U × Y,

the equality (4.12) can be valid if and only if (4.11) is true. This proves the
proposition.
Corollary 4.4. For a relaxed admissible pair (ν(·), y(·)) generating the occupational measure γ (ν(·),y(·)) on [0, ∞) to be optimal in the problem (3.8) it is necessary
and suﬃcient that γ (ν(·),y(·)) (Ω∗ ) = 1.
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Proof. By Corollary 3.4, the pair (ν(·), y(·)) will be optimal in (3.8) (that is, it
satisﬁes (3.9)) if and only if γ (ν(·),y(·)) is a solution of the LLPP (3.2). Hence, the
statement is implied by Proposition 4.3.
Let
def

Y∗ = {y ∈ Y : H(ψ∗ (y), y) = μ∗ }

(4.14)
and
(4.15)

U∗ (y) = {u ∈ U : g(u, y) + (ψ∗ (y))T f (u, y) = H(ψ∗ (y), y)}.
def

Corollary 4.5. Let ψ∗ (·) be a solution of D-LLPP (4.1). A T -periodic admissible pair (u(τ ), y(τ )) will be a solution of the periodic optimization problem (3.13) if
and, under the condition that the equalities (3.15) are valid, only if
(4.16)

y(τ ) ∈ Y∗ ∀τ ∈ [0, T ],

u(τ ) ∈ U∗ (y(τ )) f or almost all τ ∈ [0, T ].

Proof. By Lemma 3.5, a T -periodic admissible pair (u(τ ), y(τ )) will be a solution of the periodic optimization problem (3.13) if and, under the condition that the
equalities (3.15) are valid, only if the occupational measure γ (u(·),y(·)) generated by
this pair is a solution of LLPP (3.2). According to Proposition 4.3, this is the case if
and only if γ (u(·),y(·)) (Ω∗ ) = 1, which is equivalent to (u(τ ), y(τ )) ∈ Ω∗ for almost all
τ ∈ [0, T ]. The latter, in turn, is equivalent to the inclusions (4.16) being satisﬁed for
almost all τ ∈ [0, T ] since
Ω∗ = {(u, y) : u ∈ U∗ (y), y ∈ Y∗ }.

(4.17)

The fact that the ﬁrst inclusion in (4.16) is valid for all τ ∈ [0, T ] follows from the
fact that the function y(·) is continuous and that the set Y∗ is compact.
Note that a solution of D-LLPP (4.1) deﬁned as a C 1 function satisfying (4.9)
may not exist, and one can consider the possibility of deﬁning the solution as a
nondiﬀerentiable function, which satisﬁes (4.9) in the viscosity sense (see, e.g., [12,
p. 399]). We, however, do not follow this path. Instead, in the next sections we discuss
a way of constructing C 1 functions that solve D-LLPP (4.1) approximately. First, in
section 5, we approximate the LLPP (3.2) with I-D LLPs having a ﬁnite number of
constraints N (N = 1, 2, . . .), and we study the problem dual to the latter (section
5). Then, in section 6, we approximate the problem with N constraints and its dual
by a family of F-D LPPs deﬁned on grid points of U × Y and the corresponding dual,
and we show that, by solving these F-D LPPs, one can construct a family of functions
ψN,Δ (·) ∈ C 1 (Δ being the parameter of the grid) such that, for any δ > 0,
(4.18)

μ∗ − δ ≤

min

(u,y)∈U ×Y



{g(u, y) + (ψN,Δ
(y))T f (u, y)} = min H(ψN,Δ
(y), y)
y∈Y

if N is large and Δ is small enough (see (4.7) and (4.9)). We also show (see section 7)
that, under some additional conditions, a feedback control function uN,Δ (·) : Y → U
satisfying the inclusion


(4.19) uN,Δ (y) ∈ UN,Δ (y) = {u ∈ U : g(u, y) + (ψN,Δ
(y))T f (u, y) = H(ψN,Δ
(y), y)}
def

can serve as an approximation to the optimal feedback control deﬁned on the optimal
periodic orbit (provided that the latter exists).
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Note also that D-LLPP (4.1) can be rewritten in the form
sup min H(ψ  (y), y) = μ∗ .

(4.20)

ψ(·)∈C 1 y∈Y

Problems similar to (4.20) (but in a diﬀerent setting and under a diﬀerent set of
conditions) have been considered in the literature, particularly, in relation to ﬁnding
so-called eﬀective Hamiltonians arising in the homogenization theory (see [34] and
references therein). It seems plausible that results that we discuss below could be
applicable in this area, but we do not investigate this matter in the present paper.
Finally, to conclude this section, let us also mention that problems dual to I-D
LPPs that arise in dealing with deterministic optimal control problems on ﬁnite time
intervals and the way of how these dual problems can be used for formulating necessary
and suﬃcient optimality conditions have been studied in [57] (see also references
therein).
5. N -approximating problem and its dual. Let {φi (·) ∈ C 1 , i = 1, 2, . . .} be
a sequence of functions having continuous partial derivatives of second order such that
any function ψ(·) ∈ C 1 and its gradient ψ  (·) can be simultaneously approximated on
Y by linear combinations of functions from {φi (·), i = 1, 2, . . .} and their corresponding
gradients. That is, for any ψ(·) ∈ C 1 and any δ > 0, there exist β1 , . . . , βk (real
numbers) such that


k
k


 


(5.1)
max ψ(y) −
βi φi (y) + ψ (y) −
βi φi (y) ≤ δ,
y∈Y


1

1

with || · || being a norm in R . An example of such an approximating sequence is the
im
sequence of monomials y1i1 . . . ym
, i1 , . . . , im = 0, 1, . . ., where yj (j = 1, . . . , m) stands
for the jth component of y (see, e.g., [44]). In what follows it will be assumed that
the gradients φi (y), i = 1, 2, . . . , N, are linearly independent on Y . That is,
m

N

vi φi (y) = 0 ∀y ∈ Y

(5.2)

⇒

vi = 0,

i = 1, 2, . . . , N.

i=1

Note that this is satisﬁed automatically if φi (y) are chosen to be monomials and intY
(interior of Y ) is not empty.
Let us deﬁne the set WN by the equation
(5.3)

def

WN =

γ | γ ∈ P(U × Y );

U ×Y

(φi (y))T f (u, y)γ(du, dy) = 0, i = 1, 2, . . . N

and consider the linear programming problem

def
(5.4)
min
q(u, y)γ(du, dy) = GN .
γ∈WN

U ×Y

This problem will be referred to as N -approximating LLPP (or just N -LLPP). Note
that WN is a convex and compact subset of P(U × Y ) and W ⊂ WN , which implies
(5.5)

G∗ ≥ GN .

The connection between LLPP (3.2) and N -LLPP (5.4) is established by the
following proposition (see [32]).
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Proposition 5.1. The set W is not empty if and only if there exists N0 ≥ 1
such that WN is not empty for N ≥ N0 . If W is not empty, then
lim ρH (WN , W ) = 0

(5.6)

N →∞

and
(5.7)

lim GN = G∗ .

N →∞



Also, if γ N is a solution of the problem (5.4) and limN  →∞ ρ(γ N , γ) = 0 for
some subsequence of integers N  tending to inﬁnity, then γ is a solution of (3.2).
If the solution γ∗ of the problem (3.2) is unique, then, for any solution γ N of (5.4),
limN →∞ ρ(γ N , γ∗ ) = 0 .
Proof. The proof follows from Proposition 7 in [32].
Let us deﬁne the problem dual to N -LLPP (5.4) (referred in what follows to as
D-N -LLPP) by the equation
(5.8)

def

μ = μN ,

sup
(μ,v)∈DN

with the feasible set DN ⊂ R1 × RN deﬁned as
(5.9)
DN =

(μ, v) : μ =

min

(u,y)∈U ×Y

vi (φi (y))T f (u, y)

g(u, y) +





N
def

, v = (vi ) ∈ RN

.

i=1

For a ﬁxed N , the relationships between N -LLPP (5.4) and D-N -LLPP (5.8) are
similar to those between (3.2) and (4.1). For example, similarly to (4.3), one can
obtain that, if WN = ∅ and γ ∈ WN , then for any (μ, v) ∈ DN (DN is never empty),
(5.10)




N

T
μ≤
g(u, y) +
vi (φi (y)) f (u, y) γ(du, dy) =
g(u, y)γ(du, dy)
U ×Y

U ×Y

i=1

⇒ μN ≤ GN .

(5.11)

Also, the following result similar to Theorem 4.1 is valid.
Theorem 5.2. (i) The optimal value of D-N -LLPP (5.8) is bounded (that is,
μN < ∞) if and only if the set WN is not empty.
(ii) If the optimal value of D-N -LLPP (5.8) is bounded, then
μN = GN .

(5.12)

(iii) The optimal value of D-N -LLPP (5.8) is unbounded (that is, μN = ∞) if
and only if there exists v = (v1 , . . . , vN ) such that
N

(5.13)

max

(u,y)∈U ×Y

(ψv (y))T f (u, y) < 0 ,

def

ψv (y) =

vi φi (y).
i=1

Proof. The proof of the theorem follows exactly the same steps as those in the
proof of Theorem 4.1. For completeness we brieﬂy outline these steps in section
9.
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A vector v = (vi ), i = 1, . . . , N, will be called a solution of D-N -LLPP (5.8) if
N

(5.14)

μN =

min

(u,y)∈U ×Y

{g(u, y) + (ψv (y))T f (u, y)} ,

def

ψv (y) =

vi φi (y).
i=1

Let us introduce the following two assumptions used in the consideration below.
Assumption 1. The inequality
N

(5.15)

(ψv (y))T f (u, y) ≤ 0 ∀(u, y) ∈ U × Y,

def

ψv (y) =

vi φi (y),
i=1

can be valid only with vi = 0, i = 1, . . . , N .
Assumption 2. The inequality
(5.16)

(ψ  (y))T f (u, y) ≤ 0

∀(u, y) ∈ U × Y,

ψ(·) ∈ C 1 ,

can be valid only with ψ  (y) = 0 ∀y ∈ Y .
Proposition 5.3. Assumption 1 is equivalent to the assumption that
0 ∈ int(coKN ),

(5.17)

where int(coKN ) stands for the interior of the convex hull of KN ,
(5.18)
def
KN = {z ∈ RN : z = (zi ), zi = (φi (y))T f (u, y), i = 1, . . . , N, (u, y) ∈ U × Y }.
Proof. The proof is in section 9.
Remark 5.4. (i) It is easy to see that Assumption 2 implies the validity of
Assumption1 with any N = 1, 2, . . .. In fact, if the former is satisﬁed,
the
N then
N

T

inequality
v
(φ
(y))
f
(u,
y)
≤
0
∀(u,
y)
∈
U
×
Y
implies
that
v
φ
(y)
=
i=1 i i
i=1 i i
0 ∀y ∈ Y and, hence, by (5.2), vi = 0, i = 1, . . . , N . Suﬃcient conditions for
Assumption 2 to be satisﬁed and special cases in which it is satisﬁed have been
considered in [32] (see Proposition 8 and Remark 2 of [32]).
(ii) Assumption 1 implies that the function ψv (·) satisfying (5.13) does not exist,
and Assumption 2 implies that the function ψ(·) satisfying (4.6) does not exist. Thus,
from the former it follows that μN is bounded (by Theorem 5.2(iii)) and from the
latter that μ∗ is bounded (by Theorem 4.1(iii)).
Theorem 5.5. (i) If Assumption 1 is satisﬁed, then the set of solutions of D-N LLPP (5.8) is nonempty and bounded. That is (see (5.14)),
(5.19)
⎧
⎧
⎫⎫
N
T
⎨
⎨
⎬⎬
def
g(u, y) +
min
vi φi (y)
f (u, y)
,
∅ = VN = v = (vi ) : μN =
⎩
⎭⎭
(u,y)∈U ×Y ⎩
i=1

(5.20)

max ||v|| ≤ cN = const.

v∈VN

(ii) Conversely, if (5.19) and (5.20) are true, then Assumption 1 is satisﬁed.
Proof. Proof is in section 9.
Let us now establish that the optimal values of the D-N -LLPP (5.8) converge to
the optimal value of D-LLPP (4.1) as N → ∞. Note that, as follows directly from
the deﬁnitions of D-N -LLPP and D-LLPP (see (5.8) and (4.1)),
(5.21)

μ1 ≤ μ2 ≤ · · · ≤ μN ≤ · · · ≤ μ∗ .
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Theorem 5.6. The optimal value of D-N -LLPP (5.8) converges to the optimal
value of D-LLPP (4.1). That is,
(5.22)

lim μN = μ∗ ,

N →∞

the statement being valid for both μ∗ < ∞ and μ∗ = ∞.
Proof. If Assumption 2 is satisﬁed, then μ∗ = G∗ and μN = GN for N = 1, 2, . . ..
Hence, (5.22) follows from (5.7). The proof of the general case is in section 9.
In conclusion of this section, let us introduce a regularity condition, which will
be used in section 7 below. Let Assumption 2 be satisﬁed and let v = (vi ) ∈ VN ,
def N
v
ψv (y) = i=1 vi φi (y). Deﬁne the sets ΩvN , YN
by the equations
(5.23)

ΩvN = {(u, y) ∈ U × Y : g(u, y) + (ψv (y))T f (u, y) = μN },

(5.24)

v
= {y : (u, y) ∈ ΩvN } = {y ∈ Y : H(ψv (y), y) = μN }
YN

def

def

v
and the set UN
(y) by the equation
v
(y) = {u ∈ U : g(u, y) + (ψv (y))T f (u, y) = H(ψv (y), y)},
UN
def

(5.25)

where H(p, y) is as in (4.8).
N -regularity condition (N -RC) on Q. Given Q ⊂ Y , we shall say that N -RC is
v
satisﬁed on Q if, for any v ∈ VN and any y ∈ YN
∩ Q, a solution of the problem
max{g(u, y) + (ψv (y))T f (u, y)}

(5.26)

u∈U

v
v
is unique. That is, UN
(y) is a singleton for v ∈ VN and y ∈ YN
∩ Q.
Note that N -RC is satisﬁed on any Q ⊂ Y and with any N = 1, 2, . . . if g(u, y) is
strictly convex and f (u, y) is linear in u and if U is a convex set.

6. N Δ-approximating problem and its dual. Assume ﬁrst that N is ﬁxed
Δ
Δ
and that, for any Δ > 0, Borel sets QΔ
l,k ⊂ U × Y (l = 1, . . . , L , k = 1, . . . , K )
(called cells) are deﬁned in such a way that two diﬀerent cells do not intersect, the
union of all cells is equal to U × Y , and
(6.1)

||(u, y) − (ul , yk )|| ≤ cΔ,

sup

c = const,

(u,y)∈QΔ
l,k

for some point (ul , yk ) ∈ QΔ
l,k . For simplicity of notation, it is assumed (from now
on) that U is a compact subset of Rn and || · || stands for a norm in Rn+m . Let us
ﬁx the points (ul , yk ) (l = 1, . . . , LΔ , k = 1, . . . , K Δ ) and deﬁne a polyhedral set
Δ
Δ
WN,Δ ⊂ RL +K by the equation
(6.2)
⎧
⎫
⎨
⎬
def
WN,Δ = γ = {γl,k } ≥ 0 :
γl,k = 1,
(φi (yk ))T f (ul , yk )γl,k = 0, i = 1, . . . N ,
⎩
⎭
l,k

where
(6.3)


l,k

def

=

LΔ K Δ
l=1

k=1 .

l,k

Consider the problem
def

γl,k g(ul , yk ) = GN,Δ .

min

γ∈WN,Δ

l,k
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This is an F-D LLP which will be referred to as N Δ-approximating LLPP (or N ΔLLPP).
Note that the polyhedral set WN,Δ is the set of probability measures on U × Y
which assign nonzero probabilities only to the points (ul , yk ), and, as such,
WN,Δ ⊂ WN

(6.4)

⇒

GN,Δ ≥ GN .

Theorem 6.1. Let Assumption 1 be satisﬁed. Then the set WN is not empty
and there exists Δ0 > 0 such that WN,Δ is not empty for Δ ≤ Δ0 . Also
lim ρH (WN,Δ , WN ) = 0

(6.5)

Δ→0

and
(6.6)

lim GN,Δ = GN .

Δ→0



If γ N,Δ is a solution of the problem (6.3) and limΔ →0 ρ(γ N,Δ , γ N ) = 0 for some
sequence of Δ tending to zero, then γ N is a solution of (5.4). If the solution γ N of the
problem (5.4) is unique, then, for any solution γ N,Δ of (6.3), limΔ→0 ρ(γ N,Δ , γ N ) = 0.
Proof. The fact that WN is not empty if Assumption 1 is satisﬁed follows from
Theorem 5.2(i) and from the fact that μN is bounded (see Remark 5.4(ii)). The proofs
of all other statements of the theorem follow from Proposition 9 in [32].
Consider the F-D LPP
(6.7)

N

max

(μ,λ)∈R1 ×RN

λi (φi (yk ))T f (ul , yk ) ∀(ul , yk )

μ : μ ≤ g(ul , yk ) +

def

= μN,Δ ,

i=1

which is dual to N Δ-LLPP (6.3) and which will be referred to as D-N Δ-LLPP. From
the duality theory for F-D LPPs (see, e.g., [22]) it follows, in particular, that, if WN,Δ
is not empty, then the optimal value of N Δ-LLPP (6.3) is equal to the optimal value
of D-N Δ-LLPP (6.7)
GN,Δ = μN,Δ

(6.8)

and the solutions set of D-N Δ-LLPP (6.7) is not empty:
(6.9)



N
def

∅ = ΛN,Δ =

λ = (λi ) : μN,Δ = min

(ul ,yk )

λi (φi (yk ))T f (ul , yk )

g(ul , yk ) +

.

i=1

Theorem 6.2. Let Assumption 1 be satisﬁed. Then
(6.10)

lim max dist(λ, VN ) = 0,

Δ→0 λ∈ΛN,Δ

def

dist(λ, VN ) = min ||λ − v||,
v∈VN

where VN is the solutions set of D-N -LLPP (5.8) (explicitly deﬁned in (5.19)).
Proof. The proof is in section 10. Let us only note here that, by Theorem 6.1,
the set WN,Δ is not empty under Assumption 1, and hence, (6.8) and (6.9) are valid
for Δ small enough.
Let us now address the issue of constructing ψN,Δ (·) that approximately solves
D-LLPP (4.1) (see the end of section 4).
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Proposition 6.3. Let Assumption 2 be satisﬁed. Then, for any δ > 0, there
exist Nδ > 0 and ΔN > 0 such that the function ψN,Δ (·) deﬁned by the equation
N
def

(6.11)

λN,Δ
φi (y),
i

ψN,Δ (y) =

λN,Δ = (λN,Δ
) ∈ ΛN,Δ ,
i

i=1

satisﬁes (4.18) with N ≥ Nδ and Δ ≤ ΔN .
Proof. As was mentioned above (see Remark 5.4(i)), the validity of Assumption
2 implies the validity of Assumption 1 with all N . Having this in mind, let us choose
Nδ in such a way that
μ∗ −

(6.12)

δ
≤ μN
2

for any N ≥ Nδ (this is possible due to Theorem 5.6). By Theorem 5.5(i), the set VN
is not empty and
⎧
⎫
N
T
⎨
⎬
δ
min
g(u, y) +
(6.13) μ∗ − ≤
vi φi (y)
f (u, y)
∀v = (vi ) ∈ VN .
⎭
2 (u,y)∈U ×Y ⎩
i=1

From (6.10) it follows that, for any Δ ≤ ΔN (ΔN being positive small enough) and
any λ ∈ ΛN,Δ , there exists v N,Δ = (viN,Δ ) ∈ VN such that
⎧
⎫
N
T
⎨
⎬ δ
g(u, y) +
viN,Δ φi (y)
f (u, y) −
min
⎭ 2
(u,y)∈U ×Y ⎩
i=1

≤

⇒

min

(u,y)∈U ×Y

μ∗ − δ ≤

⎧

⎨
g(u, y) +
⎩

min

(u,y)∈U ×Y

T

N

λN,Δ
φi (y)
i
i=1

⎧

⎨
g(u, y) +
⎩

⎫
⎬
f (u, y)
⎭
T

N

λN,Δ
φi (y)
i
i=1

⎫
⎬
f (u, y) .
⎭

The latter is (4.18) with ψN,Δ (·) as in (6.11).
7. Convergence to the optimal periodic solution. In this section we will
show that, under certain additional conditions, the control satisfying (4.19), that is,
deﬁned as a solution of the problem

min{g(u, y) + (ψN,Δ
(y))T f (u, y)},

(7.1)

u∈U

where ψN,Δ (·) is as in (6.11), converges (as N → ∞ and Δ → 0) to the optimal
feedback control deﬁned on the optimal periodic orbit. To ensure the existence of the
latter, throughout this section it is assumed that there exists a solution γ∗ of LLPP
(3.2) that is generated by a T -periodic admissible pair (u∗ (·), y∗ (·)) (note that this
assumption implies that the pair is a solution of the periodic optimization problem
(3.13); see Lemma 3.5).
Deﬁne sets Θ∗ and Y∗ by the equations
(7.2)

def

Θ∗ = {(u, y) : (u, y) = (u∗ (τ ), y∗ (τ )) for some τ ∈ [0, T ]},
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(7.3)

Y∗ = {y : y = y∗ (τ ) for some τ ∈ [0, T ]} = {y : (u, y) ∈ Θ∗ }.

def

The set Θ∗ can be considered as the graph of the optimal feedback control function,
def
which is deﬁned on the optimal orbit Y∗ by the equation u∗ (y) = u∀(u, y) ∈ Θ∗ . For
this deﬁnition to make sense, it is assumed that from the fact that (u , y) ∈ Θ∗ and
(u , y) ∈ Θ∗ it follows that u = u (this assumption is satisﬁed if the closed curve
deﬁned by y∗ (τ ), τ ∈ [0, T ], does not intersect itself).
Note that the set Y∗ deﬁned in (7.3) is diﬀerent from the set deﬁned in (4.14)
(despite the fact that the same notation is used in both cases). Underline that in
this section it is not assumed that a solution ψ∗ (·) of D-LLPP (4.1) (which is used
in (4.14)) exists. If, however, it does exist, then by Corollary 4.5, the set deﬁned in
(7.3) is contained in the set deﬁned in (4.14).
Let us introduce the following assumption about the set Θ∗ .
Assumption 3. For any (u, y) ∈ Θ̄∗ (the closure of Θ∗ ) and any r > 0, the set
def
Br (u, y) = ((u, y) + rB) ∩ (U × Y ) (B being the open unit ball in Rn+m ) has a nonzero
γ∗ -measure: γ∗ (Br (u, y)) > 0.
Note that this assumption is satisﬁed if the optimal control function u∗ (·) :
[0, T ] → U is piecewise continuous and at every discontinuity point τ the value of
u∗ (τ ) is equal either to the limit from the left (u∗ (τ ) = limτ  →τ − u∗ (τ  )) or to the
limit from the right (u∗ (τ ) = limτ  →τ + u∗ (τ  )).
Under the validity of Assumption 2, from Proposition 5.1 and Theorem 6.1 it
N,Δ
follows that there exist solutions γ N,Δ = {γl,k
} of the N Δ-LLPP (6.3) (considered
with N → ∞ and Δ → 0) such that
lim lim ρ(γ N,Δ , γ∗ ) = 0,

(7.4)

N →∞ Δ→0

with the latter being valid for any solution of the N Δ-LLPP (6.3) if γ∗ is a unique
solution of LLPP (3.2).
For any Borel subset Θ of U × Y , let γ N,Δ (Θ) stand for the γ N,Δ measure of Θ.
def 
N,Δ
That is, γ N,Δ (Θ) = (ul ,yk )∈Θ γl,k
.
Theorem 7.1. Let Assumptions 2 and 3 be satisﬁed.
(i) Let Q be an open subset of Y such that the N -regularity condition (see the
end of section 5) is satisﬁed on Q for all N large enough and such that the solution
uN,Δ (·) of the problem (7.1) is unique on Q, and it is uniformly equicontinuous on
any closed subset Q̄ of Q for N large and Δ small enough. That is,
(7.5)

||uN,Δ (y  ) − uN,Δ (y  )|| ≤ ω(||y  − y  ||) ∀y  , y  ∈ Q̄ ,

where ω(θ) tends to zero as θ tends to zero and N ≥ N0 , Δ ≤ ΔN (ω(·) and N0 may
be diﬀerent for diﬀerent Q̄ ⊂ Q). Then
(7.6)

lim lim ||uN,Δ (y) − u∗ (y)|| = 0 ∀y ∈ Y∗ ∩ Q,

N →∞ Δ→0

with the convergence being uniform on any closed subset of Y∗ ∩ Q.
(ii) Assume, in addition, that
(7.7)

limN →∞ limΔ→0 γ N,Δ (Q̄) = 1,

where Q̄ is the closure of Q and that γ∗ (Q̄/Q) = 0. Then γ∗ (Y∗ ∩ Q) = 1. That is,
uN,Δ (y) converges to u∗ (y) for γ∗ -almost all y ∈ Y .
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The second statement of the theorem allows an extension, which we state in the
form of the following corollary.
Corollary 7.2. Let Assumptions 2 and 3 be satisﬁed, and let Qj , j = 1, . . . J, be
nonintersecting open subsets of Y , such that, for every j, the N -regularity condition
is satisﬁed on Qj , and (7.5) is valid on any closed Q̄ ⊂ Qj . Assume also that
limN →∞ limΔ→0 γ N,Δ (∪j Qj ) = 1

(7.8)
and that

γ∗ (∪j Qj / ∪j Qj ) = 0,

(7.9)

where ∪j Qj is the closure of ∪j Qj . Then
lim lim ||uN,Δ (y) − u∗ (y)|| = 0

(7.10)

N →∞ Δ→0

for γ∗ -almost all y ∈ Y .
Proof. The proofs of Theorem 7.1 and Corollary 7.2 are given in section 10. They
are based on a result of [32] establishing that the sets
def

N,Δ
ΘN,Δ = {(ul , yk ) : γl,k
> 0},

(7.11)


(7.12)

def

YN,Δ = {y : (u, y) ∈ ΘN,Δ } =

N,Δ
γl,k

yk :

>0

l

are “approaching” the sets Θ∗ and Y∗ as N → ∞ and Δ → 0 (see Theorem 7.3
below).
Theorem 7.3. Let Assumption 2 be satisﬁed, (7.4) be valid, and γ∗ , γ N,Δ be as
above. Then the following hold.
(i) Corresponding to an arbitrary small r > 0 and arbitrary small δ > 0, there
exists N0 such that, for N ≥ N0 and Δ ≤ ΔN ,
(7.13)

γ N,Δ (ΘN,Δ /(Θ∗ + rB)) < δ,

γ N,Δ (YN,Δ /(Y∗ + rD)) < δ

and
ΘN,Δ,δ ⊂ Θ∗ + rB,

(7.14)

YN,Δ,δ ⊂ Y∗ + rD,

where B and D are open unit balls in Rn+m and Rm , respectively, and
def

N,Δ
ΘN,Δ,δ = {(ul , yk ) : γl,k
≥ δ },

def

YN,Δ,δ =

N,Δ
γl,k
≥δ

yk :


.

l

(ii) If, in addition, Assumption 3 is satisﬁed, then, corresponding to an arbitrary
small r > 0, there exists N0 such that, for N ≥ N0 and Δ ≤ ΔN ,
(7.15)

Θ∗ ⊂ ΘN,Δ + rB,

Y∗ ⊂ YN,Δ + rB.

Proof. The validity of (i) and (ii) is implied by Propositions 10 and 11 from
[32].
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def

N,Δ
Note that from (7.4) it follows that γ N,Δ = {γl,k
} can be considered as an
“approximation” of γ∗ for N large and Δ small enough. Due to the fact that γ∗
is the occupational measure generated by the optimal periodic pair (u∗ (·), y ∗ (·)), an
N,Δ
of γ N,Δ can be interpreted as an estimate of “proportion” of time spent
element γl,k
Δ
by the optimal pair in a “small” vicinity of the point (ul , yk ), while the fact that γl,k
is positive or zero can be interpreted as an indication of whether or not the optimal
pair attends this vicinity. Theorem 7.3 can be viewed as a justiﬁcation of the latter
interpretation.
Based on the consideration above, one can propose the following steps to construct
an approximate solution to the periodic optimization problem.
(1) Find the optimal value GN,Δ and a solution γ N,Δ of N Δ-LLPP (6.3), and
also ﬁnd a solution μN,Δ , λN,Δ of problem (6.7) dual to N Δ-LLPP (6.3).
(2) Deﬁne the sets ΘN,Δ and YN,Δ according to (7.11) and (7.12).
(3) Construct the function ψN,Δ (y) according to (6.11) and ﬁnd the control
uN,Δ (y) by solving the problem (7.1) for every y in a neighborhood of YN,Δ .
(4) Integrate the system (2.1) starting from an initial point y(0) ∈ YN,Δ and using
uN,Δ (y) as the feedback control. One can expect that the obtained solution of the
system will return to a small vicinity of the starting point y(0) and it will be possible
to identify the end point of the integration period, TN,Δ , as the moment of entering
this vicinity.
(5) Adjust the initial condition and/or control to obtain a periodic admissible
pair (uN,Δ (τ ), yN,Δ (τ )) deﬁned on the interval [0, TN,Δ ]. Calculate the integral

1
TN,Δ



TN,Δ

g(uN,Δ (τ ), yN,Δ (τ ))dτ
0

and compare it with GN,Δ . If the value of the integral proves to be close to GN,Δ ,
then the constructed admissible pair is a “good” approximation to the solution of the
periodic optimization problem.
Note that these steps are similar to the procedure described in [32]. The diﬀerence
is that the approximation uN,Δ (·) to the optimal control is determined as a solution
of the problem (7.1). The objective function of the latter is constructed with the help
of a solution of the problem (6.7) dual to N Δ-LLPP (6.3) (the opportunity of using
dual solutions for ﬁnding an approximation to the optimal control was not discussed
in [32]). In the next section we consider a numerical example to illustrate the above
steps.
Let us conclude this section by noting that most of the existing computational
methods for periodic optimization problems are either aimed at solving the system
of necessary optimality conditions (so-called dynamic optimization schemes; see, e.g.,
[45], [53], and references therein) or based on approximating the POP with F-D nonlinear mathematical programming problems. The latter are deﬁned either via a discretization of the time interval (as in direct optimization schemes; see, e.g., [45]) or
with the help of special parametrization techniques (as in the ﬂatness-based algorithm
of [54]). In all instances the time interval (period) is assumed to be ﬁnite, with its
length being one of the optimization parameters.
In contrast to these methods, the approach of this paper is based on the fact that,
if the optimal periodic regime exists, then, under mild conditions, it is a solution of
the long run average optimal control problem, and, also, it generates the occupational
measure that is a solution of the LLPP (3.2); the latter does not involve the time
parameter at all. As has been noticed in section 4, ﬁnding a solution of the problem
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dual to LLPP (3.2) is equivalent to ﬁnding a subsolution of the Hamilton–Jacobi–
Bellman equation for the corresponding long run average problem of optimal control.
Thus, the approach under consideration can be characterized as one belonging to
the class of algorithms that solve Hamilton–Jacobi–Bellman equations for inﬁnite
time horizon optimal control problems via a discretization of the state and control
spaces (see [25], [26], [43], and references therein). The obvious advantage of the
approach is in its simplicity (no software except standard linear programming and
ordinary diﬀerential equation solvers is needed). Its disadvantage is in computer
memory requirements (especially in problems of higher dimensions). A comparison
of the linear programming approach with other algorithms of the given class will be
a matter of further research.
8. A numerical example. Let m = 2, n = 1, and let
def

def

y(t) = (y1 (t), y2 (t)) ⊂ Y = [−0.25, 0.25] × [1.3, 1.9],

u(t) ∈ U = [−0.4, 0.4].

Also, let f (·) and g(·) be deﬁned by the equations
(8.1)
(8.2)

def

f T (u, y1 , y2 ) = (y2 − 1.6 , u) ,
def

g(u, y1 , y2 ) = ((y2 − 3)(y2 − 1)2 + 2.5)(y2 − 1) + 3 + 1.126y12 + 0.4u2 .

The periodic optimization problem (3.13) with this data was considered and numerically solved using the “ﬂatness-based algorithm” in [54]. Below we present a numerical
solution of the problem obtained by following the steps outlined in section 7. Deﬁne
the grid of U × Y by the equations
def

uΔ
i = iΔ − 0.4,

def

Δ
y1,j
= jΔ − 0.25,

def

Δ
y2,k
= kΔ + 1.3,

0.5
0.6
where i = 0, 1, . . . , 0.8
Δ , j = 0, 1, . . . , Δ , and k = 0, 1, . . . , Δ (Δ is chosen in such a
0.8 0.5
0.6
way that Δ , Δ , and Δ are integers). In this case, the N Δ-approximating LLPP
(6.3) can be written in the form
def

GN,Δ =

(8.3)

Δ
Δ
g(uΔ
i , y1,j , y2,k )γi,j,k ,

min

γ∈WN,Δ

i,j,k

with WN,Δ being the polyhedral set deﬁned by the equation
⎧
⎨
def
γi,j,k = 1,
WN,Δ = γ = {γi,j,k } ≥ 0 :
⎩
i,j,k

Δ
Δ
Δ
Δ
(φi1 ,i2 (y1,j
, y2,k
))T f (uΔ
i , y1,j , y2,k )γi,j,k = 0, (i1 , i2 ) ∈ IN

(8.4)
i,j,k

⎫
⎬
⎭

.

def

Here, φi1 ,i2 (y1 , y2 ) = y1i1 y2i2 and IN is the set of multi-indices
def

IN = {i : i = (i1 , i2 ),

i1 , i2 = 0, 1, . . . , N,

i1 + i2 ≥ 1} .

Note that g(·) in (8.3) and f (·) in (8.4) are as in (8.2) and (8.1), respectively.
The problem (8.3) was solved using the CPLEX linear programming solver [61]
for diﬀerent values of N and Δ. The obtained optimal values GN,Δ are summarized
in the following table:
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Δ
0.05
0.025
0.0125

4
4.1959526
4.1958774
4.1958750

N
5
4.1959709
4.1958808
4.1958751

6
4.1959726
4.1958807
4.1958751

On the basis of this data, one may conclude that G6 = limΔ→0 G6,Δ ≈ 4.1958751 ≈
4.196, the latter coinciding with the optimal value of the given periodic optimization
problem obtained in [54]. Thus, if for some T -periodic admissible pair (u(τ ), y(τ )),
1
T
(8.5)


0

T



((y2 (τ ) − 3)(y2 (τ ) − 1)2 + 2.5)(y2 (τ ) − 1)

+ 3 + 1.126y1 (τ )2 + 0.4u(τ )2 dτ ≈ 4.196,

then this pair is an approximate solution of the periodic optimization problem under
consideration.
N,Δ
Let γ N,Δ = {γi,j,k
} stand for the solution of (8.3), and let λN,Δ = {λN,Δ
i1 ,i2 } stand
for the solution of the problem dual to (8.3)
Δ
Δ
max μ : μ ≤ g(uΔ
i , y1,j , y2,k )
(μ,λ)

(8.6)


Δ
Δ
Δ
Δ
λi1 ,i2 (φi1 ,i2 (y1,j
, y2,k
))T f (uΔ
i , y1,j , y2,k )

−

Δ
Δ
∀(uΔ
i , y1,j , y2,k )

(i1 ,i2 )∈IN

(see (6.7) for comparison). Deﬁne the sets ΘN,Δ and YN,Δ by the equations
(8.7)

def

ΘN,Δ =



N,Δ
Δ
Δ
(uΔ
,
y
,
y
)
:
γ
=
0
,
i
1,j 2,k
i,j,k


(8.8)

def

YN,Δ =

Δ
Δ
(y1,j
, y2,k
)

N,Δ
γi,j,k

:

=0

i

(see (7.11) and (7.12) for comparison). For N = 6 and Δ = 0.0125, the graphs
of ΘN,Δ and YN,Δ are depicted in Figures 1 and 2 below (the points belonging to
these sets are marked). As follows from Theorem 7.3, these graphs can serve as
approximations, respectively, to the graph of the optimal periodic control Θ∗ and to
the optimal periodic orbit Y∗ .
Deﬁne the function ψN,Δ (y1 , y2 ) by the equation (see (6.11) for comparison)
(8.9)

def

λN,Δ
i1 ,i2 φi1 ,i2 (y1 , y2 ).

ψN,Δ (y1 , y2 ) =

(i1 ,i2 )∈IN

The problem (7.1) is in this case of the form
(8.10)

min

u∈[−0.4,0.4]

ΦN,Δ (u, y1 , y2 ),
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0.4
0.2
u 0
−0.2
−0.4
−0.2

1.8
1.7

−0.1
1.6

0
y1

y2

1.5

0.1
1.4

0.2

Fig. 1. ΘN,Δ . Approximation to the graph of the optimal periodic control Θ∗ .

y

2

1.8

1.7

1.6

1.5

1.4

−0.2

−0.1

0

0.1

0.2

y

1

Fig. 2. YN,Δ . Approximation to the optimal periodic orbit Y∗ .

where

ΦN,Δ (u, y1 , y2 ) = ((y2 − 3)(y2 − 1)2 + 2.5)(y2 − 1) + 3 + 1.126y12 + 0.4u2

(8.11)

+

∂ψN,Δ (y1 , y2 )
∂ψN,Δ (y1 , y2 )
(y2 − 1.6) +
u
∂y1
∂y2


.

Note that the function ΦN,Δ (u, y1 , y2 ) is strictly convex in u and, hence, the N regularity condition is satisﬁed on every subset Q of Y . Also, the solution uN,Δ (y1 , y2 )
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of the problem (8.10) is unique and is deﬁned by the equation
(8.12)
⎧
∂ψN,Δ (y1 ,y2 )
∂ψ
(y1 ,y2 )
, −0.4 ≤ −1.25 N,Δ
≤ 0.4,
⎪
⎨ −1.25
∂y2
∂y2
∂ψ
(y1 ,y2 )
uN,Δ (y1 , y2 ) =
−0.4,
−1.25 N,Δ
<
−0.4,
∂y2
⎪
⎩
∂ψN,Δ (y1 ,y2 )
0.4,
−1.25
> 0.4.
∂y2
The graph of this function (with N and Δ as in Figures 1 and 2 is depicted in Figure
3, where the points belonging to the set ΘN,Δ are marked, for convenience, as well
(the latter being visibly close to the surface deﬁned by uN,Δ (·)).

0.4
0.2
u 0
−0.2
−0.4
−0.2

1.8
1.7

−0.1
1.6

0
y1

1.5

0.1
0.2

y2

1.4

Fig. 3. uN,Δ (y1 , y2 ). Obtained feedback control function.

As can be seen from Figures 2 and 3, the function uN,Δ (y1 , y2 ), being deﬁned
by the right-hand side of (8.12), is smooth in a neighborhood Q of YN,Δ , the latter being close to the optimal periodic orbit Y∗ . Hence, one can assume (based on
Theorem 7.1) that uN,Δ (y1 , y2 ) can serve as an approximation for the optimal control u∗ (y1 , y2 ) on Y∗ . To verify that this is the case, we used MATLAB to integrate
our system with the feedback control uN,Δ (y1 , y2 ) and with the initial conditions
y1 (0) = 0, y2 (0) = 1.848 (a point in YN,Δ ). The result of such integration is the
T -periodic solution y(τ ) = (y1 (τ ), y2 (τ )) and the corresponding T -periodic control
def
u(τ ) = uN,Δ (y1 (τ ), y2 (τ )), with T = 4.8597. The graphs of these functions are shown
in Figures 4 and 5 below (which look very similar to those obtained in [54]). The value
of the objective function obtained on this periodic solution is evaluated to be equal
to 4.195877 ≈ 4.196. That is, (8.5) is satisﬁed and, hence, an approximate solution
to the periodic optimization problem is found. Note that the closed curve Y deﬁned
by (y1 (τ ), y2 (τ )),
(8.13)

def

Y = {(y1 , y2 ) : (y1 , y2 ) = (y1 (τ ), y2 (τ )) for some τ ∈ [0, T ]},

passes very close to the points of YN,Δ as illustrated by Figure 6.
9. Proofs for sections 4 and 5. Due to the approximating property of the
sequence of the functions φi (·), i = 1, 2, . . . , (see (5.1)), the set W can be presented
in the form

(9.1) W = γ ∈ P(U × Y ) :
(φi (y))T f (u, y)γ(du, dy) = 0, i = 1, 2, . . . ,
U ×Y
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y2(τ)

1.5

1

0.5

0

y1(τ)

0.5
0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

τ

Fig. 4. (y1 (τ ), y2 (τ )). Obtained periodic solution.
0.4

0.3

0.2

0.1

0 u(τ)

−0.1

−0.2

−0.3

−0.4
0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

τ

Fig. 5. u(τ ). Obtained periodic control.
y

2

1.8

1.7

1.6

1.5

1.4

−0.2

−0.1

0

0.1

0.2

y

1

Fig. 6. Y. Obtained periodic orbit.

where, without loss of generality, one may assume that the functions φi (·) satisfy the
following normalization conditions:
1
(9.2)
maxy∈D̂ {|φi (y)|, ||φi (y)||, ||φi (y)||} ≤ i , i = 1, 2, . . . .
2
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In the above expression, ||φi (y)|| is a norm of the Hessian (the matrix of second
derivatives of φi (y)) in Rm × Rm , ||φi (y)|| is a norm of φi (y) in Rm , and D̂ is a closed
ball in Rm that contains Y in its interior.
Let l1 and l∞ stand for the Banach spaces of inﬁnite sequences such that, for
def 
any x = (x1 , x2 , . . .) ∈ l1 , ||x||l1 = i |xi | < ∞ and, for any λ = (λ1 , λ2 , . . .) ∈ l∞ ,
def
||λ||l∞ = supi |λi | < ∞. It easy to see that, given an element λ ∈ l∞ , one can deﬁne a
linear continuous functional λ(·) : l1 → R1 by the equation
(9.3)

λi xi ∀x ∈ l1 ,

λ(x) =

||λ(·)|| = ||λ||l∞ .

i

It is also known (see, e.g., [49, p. 86]) that any continuous linear functional λ(·) : l1 →
R1 can be presented in the form (9.3) with some λ ∈ l∞ .
∂φ2
1
By (9.2), (φ1 (y), φ2 (y), . . .) ∈ l1 and ( ∂φ
∂yj , ∂yj , . . .) ∈ l1 for any y ∈ Y . Hence,
the function ψλ (y),
(9.4)

def

ψλ (y) =

λi φi (y),

λ = (λ1 , λ2 , . . .) ∈ l∞ ,

i


is continuously diﬀerentiable, with ψλ (y) = i λi φi (y).
Proof of Theorem 4.1(iii). If the function ψ(·) satisfying (4.6) exists, then
min(u,y)∈U ×Y (−ψ  (y))T f (u, y) > 0 and, hence,
(9.5)

lim

min

α→∞ (u,y)∈U ×Y

{g(u, y) + α(−ψ  (y))T f (u, y)} = ∞.

This implies that the optimal value of the dual problem is unbounded (μ∗ = ∞).
Assume now that the optimal value of the dual problem is unbounded. That is,
there exists a sequence (μk , ψk (·)) such that
(9.6)

(9.7)

μk ≤ g(u, y) + (ψk (y))T f (u, y) ∀(u, y) ∈ U × Y,
⇒ 1≤

For k large enough,

lim μk = ∞

k→∞

1
1 
g(u, y) +
(ψ (y))T f (u, y) ∀(u, y) ∈ U × Y.
μk
μk k
1
μk |g(u, y)|

≤

1
2

∀(u, y) ∈ U × Y . Hence

1 
1
≤
(ψ (y))T f (u, y) ∀(u, y) ∈ U × Y.
2
μk k
def

That is, the function ψ(y) = − μ1k ψk (y) satisﬁes (4.6).
Proof of Theorem 4.1(i). From (4.4) it follows that, if W is not empty, then the
optimal value of the dual problem is bounded.
Conversely, let us assume that the optimal value μ∗ of the dual problem is bounded
and let us establish that W is not empty. Assume that this is not true and W is empty.
Deﬁne the set Q by the equation

def
(φi (y))T f (u, y)γ(du, dy), γ ∈ P(U × Y ) .
(9.8) Q = x = (x1 , x2 , . . .) : xi =
u,y

It is easy to see that the set Q is a convex and compact subset of l1 (the fact that Q
is relatively compact in l1 is implied by (9.2); the fact that it is closed follows from
that P(U × Y ) is compact in weak convergence topology).
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By (9.1), the assumption that W is empty is equivalent to the assumption that the
set Q does not contain the “zero element” (0 ∈ Q). Hence, by a separation theorem
(see, e.g., [49, p. 59]), there exists λ̄ = (λ̄1 , λ̄2 , . . .) ∈ l∞ such that

0 = λ̄(0) > maxx∈Q
(ψλ̄ (y))T f (u, y)γ(du, dy)
λ̄i xi = maxγ∈P(U ×Y )
U ×Y

i

= max(u,y)∈U ×Y (ψλ̄ (y))T f (u, y),

def
where ψλ̄ (y) = i λ̄i φi (y) (see (9.4)). This implies that the function ψ(y) = ψλ̄ (y)
satisﬁes (4.6), and, by Theorem 4.1(iii), μ∗ is unbounded. Thus, we have obtained a
contradiction that proves that W is not empty.
Proof of Theorem 4.1(ii). By Theorem 4.1(i), if the optimal value of the dual
problem (4.1) is bounded, then W is not empty and, hence, a solution of the problem
(3.2) exists.
Deﬁne the set Q̂ ⊂ R1 × l1 by the equation

def
g(u, y)γ(du, dy),
Q̂ = (θ, x) : θ ≥
U ×Y


(9.9)

x = (x1 , x2 , . . .), xi =

U ×Y

(φi (y))T f (u, y)γ(du, dy), γ ∈ P(U × Y ) .

The set Q̂ is convex and closed. Also, for any j = 1, 2, . . ., the point (θj , 0) ∈ Q̂, where
def
θj = G∗ − 1j and 0 is the zero element of l1 . On the basis of a separation theorem (see
[49, p. 59]), one may conclude that there exists a sequence (κj , λj ) ∈ R1 × l∞ , j =
def
1, 2, . . . (with λj = (λj1 , λj2 , . . .)) such that



1
j
j
j
j
+ δ ≤ inf
κ θ+
κ G∗ −
inf
κj θ
λi xi =
j
γ∈P(U
×Y
)
(θ,x)∈Q̂
i

(9.10)

+
U ×Y

(ψλ j (y))T f (u, y)γ(du, dy) s.t. θ ≥


g(u, y)γ(du, dy) ,
U ×Y


where δ j > 0 for all j and ψλj (y) = i λji φi (y). From (9.10) it immediately follows
that κj ≥ 0. Let us show that κj > 0. In fact, if this were not the case, one would
obtain that

0 < δj ≤
min
(ψλ j (y))T f (u, y)γ(du, dy) =
min {(ψλ j (y))T f (u, y)}
γ∈P(U ×Y )

⇒

(u,y)∈U ×Y

U ×Y

max

(u,y)∈U ×Y

{(−ψλ j (y))T f (u, y)} ≤ −δ j < 0.

The latter would lead to the validity of the inequality (4.6) with ψ(y) = −ψλj (y),
which, by Theorem 4.1(iii), would imply that the optimal value of the dual problem
is unbounded. Thus, κj > 0.
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Dividing (9.10) by κj one can obtain that


δj
1
1
+
G∗ − < G∗ −
j
j
κj



1 
T
g(u, y) + j (ψλj (y)) f (u, y) γ(du, dy)
≤
min
δ
γ∈P(U ×Y )
U ×Y
1 
g(u, y) + j (ψλj (y))T f (u, y) ≤ μ∗ ⇒ G∗ ≤ μ∗ .
=
min
δ
(u,y)∈U ×Y
The latter and (4.4) prove (4.5).
Proof of Theorem 5.2. The proof statement (iii) of the theorem follows the argument used in the proof of Theorem 4.1(iii), with the replacement of ψ(y) in (9.5)
N
by ψv (y) = 1 vi φi (y), v = (vi ) ∈ RN , and with the replacement of ψk (y) in (9.6),
N
(9.7) by ψvk (y) = 1 vik φi (y), v k = (vik ) ∈ RN .
The proofs of statements (i) and (ii) of the theorem are based on a separation
theorem in F-D spaces and follow the argument used in the proofs of Theorem 4.1(i)
and Theorem 4.1(ii), with the replacement of the set Q deﬁned in (9.8) by the set
Q ⊂ RN ,
(9.11)

Q =

def

(φi (y))T f (u, y)γ(du, dy), γ ∈ P(U × Y ) ,

x = (x1 , . . . , xN ) : xi =
u,y

and with the replacement of the set Q̂ deﬁned in (9.9) by the set Q̂ ⊂ R1 × RN ,

def
Q̂ = (θ, x) : θ ≥
g(u, y)γ(du, dy),
U ×Y

(9.12)



x = (x1 , . . . , xN ), xi =

U ×Y

(φi (y))T f (u, y)γ(du, dy), γ ∈ P(U × Y ) .

Proof of Proposition 5.3. Let (5.17) be valid. Then, for some positive r,
rB̄ ⊂ coKN ,
where B̄ is a closed unit ball in RN . By (5.18), the inequality (5.15) is equivalent to
N

(9.13)

z=(zi )∈KN

N

vi zi ≤ 0

max

i=1

⇒

vi zi ≤ 0.

max
z=(zi )∈r B̄

i=1

N
Since maxz=(zi )∈rB̄ i=1 vi zi = r||v||, the second inequality in (9.13) implies that
v = 0. That is, Assumption 1 is satisﬁed.
Assume now that (5.17) is not valid, that is, either 0 is a boundary point of coKN
or it does not belong to the closure of coKN . Then, by separation theorem, there
exists a vector v = (vi ) = 0 such that
N

(9.14)

max

z=(zi )∈KN

N

vi zi =
i=1

vi zi ≤ 0.

max

z=(zi )∈coKN

i=1

This implies that Assumption 1 is not satisﬁed.
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Proof of Theorem 5.5. The fact that Assumption 1 is satisﬁed implies, in particular, that the function ψv (·) satisfying (5.13) does not exist. Hence, by Theorem
5.2(iii), the optimal value μN of the D-N -LLPP (5.8) is bounded. Let v k = (vik ) ∈ RN
be such that
T
N
1
k 
vi φi (y)
f (u, y) ∀(u, y) ∈ U × Y,
k = 1, 2, . . . .
(9.15) μN − ≤ g(u, y) +
k
i=1
Show that the sequence v k is bounded. That is,
||v k || ≤ cN ,

(9.16)

k = 1, 2, . . . .

In fact, if v k , k = 1, 2, . . . , were not bounded, then there would exist a subsequence

v k such that
(9.17)



v k def
= ṽ,

k →∞ ||v k ||



lim ||v k || = ∞,


lim


k →∞

||ṽ|| = 1.

Dividing (9.15) by ||v k || and passing to the limit over the subsequence {k  }, one would
obtain the following inequality:

(9.18)

T

N

ṽi φi (y)

0≤

f (u, y) ∀(u, y) ∈ U × Y.

i=1

By Assumption 1, the fact that (9.18) is valid implies that ṽ = (ṽi ) = 0, which is in
contradiction to (9.17). Thus, the validity of (9.16) is established.
Due to (9.16), there exists a subsequence {k  } such that there exists a limit
 def

lim v k = v.

(9.19)

k →∞

Passing over this subsequence to the limit in (9.15), one obtains


T

N

vi φi (y)

(9.20) μN ≤ g(u, y)+

f (u, y) ∀(u, y) ∈ U ×Y

⇒

v = (vi ) ∈ VN .

i=1

The latter proves that VN is not empty. The proof of that VN is bounded follows the
same argument as that used above to establish (9.16). This completes the proof of
statement (i) of the theorem.
To prove statement (ii), let us assume that (5.19) and (5.20) are valid but Assumption 1 is not satisﬁed, and, hence, there exists a vector v = (vi ) = 0 such that


T

N

vi φi (y)

(9.21)

f (u, y) ≤ 0

∀(u, y) ∈ U × Y.

i=1

By (9.21), for an arbitrary v 0 = (vi0 ) ∈ VN and for an arbitrary α ≥ 0,

(9.22)

T

N

μN ≤ g(u, y) +

(vi0

−

αvi )φi (y)

f (u, y) ∀(u, y) ∈ U × Y.

i=1
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The latter implies that (v 0 − αv) ∈ VN ∀α ≥ 0, which contradicts the fact that VN is
bounded (postulated by (5.20)). This proves statement (ii) of the theorem.
Proof of Theorem 5.6. Consider ﬁrst the case when μ∗ < ∞. For arbitrary small
δ > 0, there exists a function ψ(·) ∈ C 1 such that
min

(u,y)∈U ×Y

{g(u, y) + ψ  (y)f (u, y)} ≥ μ∗ − δ.

By the approximating property (5.1), there exist numbers v1 , v2 , . . . , vN̄ (with N̄ being
large enough) such that




N̄
 



vi φi (y)
(9.23)
max ψ (y) −
≤δ
y∈Y 

i=1
⇒

−

(9.24)

min

(u,y)∈U ×Y

min

(u,y)∈U ×Y

{g(u, y) + ψ  (y)f (u, y)}

⎧
⎨
g(u, y) +
⎩

N̄

i=1

⎫
⎬
vi (φi (y))T f (u, y)
⎭

≤ cδ,

def

where c = max(u,y)∈U ×Y ||f (u, y)||. From the above expressions and from the fact
that

N
(9.25)

min

(u,y)∈U ×Y

vi (φi (y))T f (u, y)

g(u, y) +

≤ μN̄ ,

i=1

it follows that μ∗ − δ ≤ μN̄ + cδ. This and (5.21) imply that 0 ≤ μ∗ − μN ≤ c(1 + δ)
for N ≥ N̄ . Since δ is arbitrarily small, the latter proves (5.22) for bounded μ∗ .
Assume now that μ∗ = ∞. Then, for an arbitrary large A > 0, there exists a
function ψ(·) ∈ C 1 such that
min

(u,y)∈U ×Y

{g(u, y) + ψ  (y)f (u, y)} ≥ A.

By the approximating property (5.1), there exist numbers v1 , v2 , . . . , vN̄ (with N̄
being large enough), such that (9.23) and (9.24) are valid. Also, the inequality (9.25)
remains valid due to the deﬁnition of μN (see (5.8)). Consequently, μN̄ ≥ A − cδ.
Since δ > 0 can be chosen arbitrarily small, the latter implies that μN̄ ≥ A. Hence,
limN →∞ μN = ∞.
10. Proofs for sections 6 and 7.
Proof of Theorem 6.2. First, let us show that the set ΛN,Δ is bounded for Δ small
enough. That is, show that
sup ||λ|| ≤ cN = const

(10.1)

λ∈ΛN,Δ

for Δ ≤ ΔN (ΔN > 0). Assume that this is not true and, hence, there exist sequences
Δs and λN,Δs ∈ ΛN,Δs , s = 1, 2, . . . , such that
lim Δs = 0,

s→∞

lim ||λN,Δs || = ∞.

s→∞
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Without loss of generality one may assume that there exists a limit
λN,Δs def
= v,
s→∞ ||λN,Δs ||

(10.2)

||v|| = 1.

lim

From the deﬁnition of ΛN,Δ (see (6.9)) it follows that the inequality
N

λN,Δ
(φi (yk ))T f (ul , yk )
i

μN,Δ ≤ g(ul , yk ) +

(10.3)

i=1

is valid for any grid point (ul , yk ) ∈ U × Y . Substituting Δs for Δ in (10.3) and then
dividing the latter by ||λN,Δs || and passing to the limit as s → ∞, one can prove that
N

vi (φi (y))T f (u, y) ∀(u, y) ∈ U × Y.

0≤

(10.4)

i=1

Note that the proof of the above inequality is based on the fact that (see (5.12), (6.6),
and (6.8))
(10.5)

lim μN,Δ = μN ,

Δ→0

which, in particular, implies that μN,Δs remains bounded as s → ∞, and also on the
fact that any point (u, y) in U × Y can be presented as a limit of a sequence of grid
points. From Assumption 1 it now follows that v = (vi ) = 0, which contradicts (10.2).
This proves (10.1).
Let us now prove (6.10). Assuming that it is not true, one can come to a conclusion
that there exist a positive number α and sequences Δs and λN,Δs ∈ ΛN,Δs , s =
1, 2, . . . , such that
(10.6)

dist(λN,Δs , VN ) ≥ α, s = 1, 2, . . . .

lim Δs = 0,

s→∞

Due to (10.1), one may assume without loss of generality that there exists a limit
def

lim λN,Δs = v N

(10.7)

s→∞

⇒

dist(v N , VN ) ≥ α.

Substituting Δs for Δ in (10.3), taking into account (10.5), and passing to the limit
as s → ∞, one can obtain that
(10.8)
N

viN (φi (y))T f (u, y) ∀(u, y) ∈ U × Y

μN ≤ g(u, y) +

⇒

v N = (viN ) ∈ VN .

i=1

The latter contradicts (10.7) and, thus, proves (6.10).
Proofs of Theorem 7.1 and Corollary 7.2. Fix an arbitrary ȳ ∈ Y∗ ∩ Q. From
Theorem 7.3(ii) it follows that there exists (ulN,Δ , ykN,Δ ) ∈ ΘN,Δ such that
(10.9)

lim lim ||(ulN,Δ , ykN,Δ ) − (u∗ (ȳ), ȳ)|| = 0.

N →∞ Δ→0

Note that, since Q is open, from (10.9) it follows that there exists r > 0 such that,
for N large and Δ small enough,
(10.10)

ykN,Δ ∈ ȳ + rD̄ ⊂ Q,

def

D̄ = {y : ||y|| ≤ 1}.
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Show that the validity of (10.9) also implies the validity of
lim lim ||uN,Δ (ykN,Δ ) − u∗ (ȳ)|| = 0

(10.11)

N →∞ Δ→0

if N -RC is satisﬁed.
Assume that N -RC is satisﬁed on Q but (10.11) is not true. Then, due to (10.9),
there exist a number α > 0 and sequences Ns (lims→∞ Ns = ∞), Δs,j (limj→∞ Δs,j =
0) such that
||uNs ,Δs,j (ykNs ,Δs,j ) − ulNs ,Δs,j || ≥ α.

(10.12)

Without loss of generality, one may assume that there exist limits
(10.13)
def
def
def
˜Ns ,
lim ykNs ,Δs,j = yNs ,
lim uNs ,Δs,j (ykNs ,Δs,j ) = ũNs ,
lim ulNs ,Δs,j = ũ
j→∞

j→∞

j→∞

and also that there exists a limit
def

v Ns = (viNs ) ∈ VNs ,

lim λNs ,Δs,j = v Ns ,

(10.14)

j→∞

where the validity of the last inclusion is implied by Theorem 6.2 (remember that
λNs ,Δs,j ∈ ΛNs ,Δs,j ). From the duality relationships between the solutions of N ΔLLPP (6.3) and the solutions of D-N Δ-LLPP (6.7) it follows that, for any (ul , yk ) ∈
ΘN,Δ ,
N

(10.15)

λN,Δ
(φi (yk ))T f (ul , yk ).
i

μN,Δ = g(ul , yk ) +
i=1

From (10.15) and from the fact that uN,Δ (·) is deﬁned as a solution of (7.1) it also
follows that, for any yk ∈ YN,Δ ,
N

(10.16)

λN,Δ
(φi (yk ))T f (uN,Δ (yk ), yk ).
i

μN,Δ ≥ g(uN,Δ (yk ), yk ) +
i=1

Via substituting Ns , Δs,j , ulNs ,Δs,j , ykNs ,Δs,j for, respectively, N , Δ, ul , yk in (10.15)
and then passing to the limit as j → ∞, one can obtain (see (10.13), (10.14) and
(5.12), (6.6), (6.8)) that
N

(10.17)

˜Ns , yNs ).
viNs (φi (yNs ))T f (ũ

˜Ns , yNs ) +
μNs = g(ũ
i=1

Similarly, via substituting Ns , Δs,j , uNs ,Δs,j (ykNs ,Δs,j ), ykNs ,Δs,j for, respectively, N ,
Δ, uN,Δ (yk ), yk in (10.16) and passing to the limit as j → ∞, one obtains that
N

(10.18)

viNs (φi (yNs ))T f (ũNs , yNs )

μNs ≥ g(ũNs , yNs ) +
i=1

N

(10.19)

⇒

viNs (φi (yNs ))T f (ũNs , yNs ).

μNs = g(ũNs , yNs ) +
i=1

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

Downloaded 05/26/14 to 137.111.13.200. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

DUALITY IN LP PROBLEMS RELATED TO OPTIMAL CONTROL

1697

The equality (10.19) is implied by the inequality (10.18) due to the fact that

N
(10.20)

μNs =

min

(u,y)∈U ×Y

viNs (φi (y))T f (u, y) ,

g(u, y) +
i=1

which is a consequence of v ∈ VNs (see (5.19)).
From (10.17) and (10.19) it follows (see the notation introduced in (5.23), (5.24),
and (5.25)) that
Ns

(10.21)

Ns

v
yNs ∈ YN
,
s

v Ns
˜Ns ∈ UN
ũ
(yNs ),
s

Ns

v
ũNs ∈ UN
(yNs ).
s

Ns

v
By (10.10), yNs ∈ Q ∩ YN
for s large enough. Hence, due to the validity of N -RC
s
v Ns
on Q (with N = Ns ), UNs (yNs ) is a singleton. Consequently, by (10.21),

˜Ns = ũNs .
ũ

(10.22)

˜Ns || ≥ α, one obtains a
Since, on the other hand, by (10.12) and (10.13), ||ũNs − ũ
contradiction that establishes the validity of (10.11).
To prove (7.6), let us assume that it is not valid for the given ȳ and, hence, there
exist sequences N  → ∞ and Δ → 0 such that
(10.23)

lim

lim uN  ,Δ (ȳ) = ũ = u∗ (ȳ).

N  →∞ Δ →0

The functions uN  ,Δ (·) are uniformly equicontinuous on Q̄ = ȳ + rD̄. Consequently,
by the Arzela–Ascoli theorem, there exist subsequences N  → ∞ and Δ → 0 of N 
and Δ , and there exist a uniformly continuous function u0 (·) : ȳ + rD̄ → U such that
(10.24)

lim

lim

max ||uN  ,Δ (x) − u0 (x)|| = 0,

N  →∞ Δ →0 x∈ȳ+r D̄

where, by (10.23),
(10.25)

u0 (ȳ) = ũ = u∗ (ȳ).

On the other hand, passing to the limit over the subsequences N  and Δ in the
inequality
||u0 (ȳ) − u∗ (ȳ)|| ≤ ||u0 (ȳ) − uN,Δ (ȳ)||
+ ||uN,Δ (ȳ) − uN,Δ (ykN,Δ )|| + ||uN,Δ (ykN,Δ ) − u∗ (ȳ)||
and using (7.5), (10.11), and (10.24), one can obtain that ||u0 (ȳ) − u∗ (ȳ)|| = 0, which
contradicts (10.25) and, thus, proves (7.6). The uniform convergence of uN,Δ (·) to
u∗ (·) on any closed subset of Y∗ ∩ Q follows from (7.6) and the Arzela–Ascoli theorem.
Thus, statement (i) of the theorem is proved.
Statement (ii) of theorem is a special case (J = 1) of Corollary 7.2, which we now
will prove. By Theorem 7.1(i) established above, (7.10) is valid for any
y ∈ ∪j (Y∗ ∩ Qj ) = Y∗ ∩ (∪j Qj ).
Thus, to establish the validity of the required result, one needs to verify that
(10.26)

γ∗ (Y∗ ∩ (∪j Qj )) = 1.
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From (7.4) and (7.8) it follows that γ∗ (∪j Qj ) = 1, which implies that
y∗ (τ ) ∈ ∪j Qj ∀τ ∈ [0, T ].
The latter is equivalent to Y∗ ⊂ ∪j Qj and, hence,
(10.27)

γ∗ (Y∗ ∩ (∪j Qj )) = γ∗ (Y∗ ∩ (∪j Qj )) − γ∗ (Y∗ ∩ (∪j Qj / ∪j Qj )).

This and (7.9) imply (10.26).
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1990, Appendix A.
[26] W. H. Fleming and H. M. Soner, Controlled Markov Processes and Viscosity Solutions,
Springer-Verlag, New York, 1991.
[27] V. Gaitsgory, Control of Systems with Fast and Slow Motions, Nauka, Moscow, 1991 (in
Russian).
[28] V. Gaitsgory, Suboptimization of singularly perturbed control systems, SIAM J. Control Optim., 30 (1992), pp. 1228–1240.
[29] V. Gaitsgory, On representation of the limit occupational measures set of a control system
with applications to singularly perturbed control systems, SIAM J. Control Optim., 43
(2004), pp. 325–340.
[30] V. Gaitsgory and A. Leizarowitz, Limit occupational measures set for a control system and
averaging of singularly perturbed control systems, J. Math. Anal. Appl., 233 (1999), pp.
461–475.
[31] V. Gaitsgory and M.-T. Nguyen, Multiscale singularly perturbed control systems: Limit
occupational measures sets and averaging, SIAM J. Control Optim., 41 (2002), pp. 954–
974.
[32] V. Gaitsgory and S. Rossomakhine, Linear programming approach to deterministic long run
average problems of optimal control, SIAM J. Control Optim., 44 (2006), pp. 2006–2037.
[33] V. Gaitsgory and S. Rossomakhine, Occupational measures formulation and linear programming solution of deterministic long run average problems of optimal control, in Proceedings of 45th Annual IEEE Conference on Decision and Control, San Diego, CA, 2006, pp.
5012–5017.
[34] D. A. Gomes and A. M. Oberman, Computing the eﬀective Hamiltonian using a variational
approach, SIAM J. Control Optim., 43 (2004), pp. 792–812.
[35] G. Grammel, Averaging of Singularly Perturbed Systems, Nonlinear Anal., 28 (1997), pp.
1851–1865.
[36] G. Grammel, On nonlinear control systems with multiple time scales, J. Dynam. Control
Systems, 10 (2004), pp. 11–28.
[37] L. Grune, On the relation between discounted and average optimal value functions, J. Diﬀerential Equations, 148 (1998), pp. 65–99.
[38] K. Helmes and R. H. Stockbridge, Numerical comparison of controls and veriﬁcation of
optimality for stochastic control problems, J. Optim. Theory Appl., 106 (2000), pp. 107–
127.
[39] O. Hernandez-Lerma and J. B. Lasserre, Markov Chains and Invariant Probabilities,
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Filtering Problems, Birkhäuser Boston, Boston, 1990.
[43] H. J. Kushner and P. G. Dupuis, Numerical Methods for Stochastic Control Problems in
Continuous Time, 2nd ed. (revised), Springer-Verlag, New York, 2002.
[44] J. G. Llavona, Approximation of Continuously Diﬀerentiable Functions, Math. Stud. 130,
North–Holland, Amsterdam, 1986.
[45] H. Maurer, Ch. Buskens, and G. Feichtinger, Solution techniques for periodic control
problems: A case study in production planning, Optimal Control Appl. Methods, 19 (1998),
pp. 185–203.
[46] M. S. Mendiondo and R. H. Stockbridge, Approximation of inﬁnite-dimensional linear programming problems which arise in stochastic control, SIAM J. Control Optim., 36 (1998),
pp. 1448–1472.
[47] M. Quincampoix and F. Watbled, Averaging method for discontinuous Mayer’s problem of
singularly perturbed control systems, Nonlinear Anal., 54 (2003), pp. 819–837.
[48] J. E. Rubio, Control and Optimization. The Linear Treatment of Nonlinear Problems, Manchester University Press, Manchester, UK, 1985.
[49] W. Rudin, Functional Analysis, 2nd ed., McGraw-Hill, New York, 1991.
[50] J. L. Speyer, Periodic optimal ﬂight, J. Guid. Control Dynam., 19 (1996), pp. 745–754.
[51] R. H. Stockbridge, Time-average control of a Martingale problem: Existence of a stationary
solution, Ann. Probab., 18 (1990), pp. 190–205.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

Downloaded 05/26/14 to 137.111.13.200. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

1700

LUKE FINLAY, VLADIMIR GAITSGORY, AND IVAN LEBEDEV

[52] R. H. Stockbridge, Time-average control of a Martingale problem: A linear programming
formulation, Ann. Probab., 18 (1990), pp. 206–217.
[53] T. L. van Noorden, S. M. Verduyn Lunel, and A. Bliek, Optimization of cyclically operated
reactors and separators, Chem. Eng. Sci., 58 (2003), pp. 4115–4127.
[54] S. Varigonda, T. Georgiou, and P. Daoutidis, A ﬂatness based algorithm for optimal periodic control problems, in Proceedings of the American Control Conference, Arlington, VA,
2001, pp. 831–836.
[55] V. Veliov, A generalization of Tichonov theorem for singularly perturbed diﬀerential inclusions, J. Dynam. Control Systems, 3 (1997), pp. 1–28.
[56] A. Vigodner, Limits of Singularly Perturbed Control Problems: Dynamical Systems Approach,
Thesis for the Degree of Doctor of Philosophy, The Weizmann Institute of Science, Rehovot,
Israel, 1995.
[57] R. Vinter, Convex duality and nonlinear optimal control, SIAM J. Control Optim., 31 (1993),
pp. 518–538.
[58] J. Warga, Optimal Control of Diﬀerential and Functional Equations, Academic Press, New
York, 1972.
[59] Y. Xiao, D. Cheng, and H. Qin, Optimal impulsive control in periodic ecosystems, Systems
Control Lett., 55 (2006), pp. 558–565.
[60] G. G. Yin and Q. Zhang, Continuous-Time Markov Chains and Applications. A Singular
Perturbation Approach, Springer-Verlag, New York, 1997.
[61] ILOG CPLEX, http://ilog.com/products/cplex/.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

ulrichsweb.com(TM) -- The Global Source for Periodicals

1 of 2

http://ulrichsweb.serialssolutions.com/title/1315291018730/52805

Log in to My Ulrich's

Macquarie University Library

Search

Workspace

Ulrich's Update

Admin

Enter a Title, ISSN, or search term to find journals or other periodicals:

0363-0129

Advanced Search

Article
Linker
Search My Library's Catalog: ISSN Search | Title Search

Search Results

SIAM Journal on Control and Optimization
Title Details

Table of Contents

Related Titles
Alternative Media
Edition (2)

Lists
Marked Titles (0)

Search History
0363-0129
1096-4037

Save to List

Email

Download

Print

Corrections

Expand All

Collapse All

Basic Description
Title

SIAM Journal on Control and Optimization

ISSN

0363-0129

Publisher

Society for Industrial and Applied Mathematics

Country

United States

Status

Active

Start Year

1962

Frequency

Bi-monthly

Language of Text

Text in: English

Refereed

Yes

Abstracted / Indexed

Yes

Serial Type

Journal

Content Type

Academic / Scholarly

Format

Print

Explanation of Title Acronym

Society for Industrial and Applied Mathematics

Website

http://www.siam.org/journals/sicon.php

Description

Features research articles on mathematics and applications of control
theory, and on those parts of optimization theory concerned with the
dynamics of deterministic or stochastic systems in continuous or
discrete time, or otherwise dealing with differential equations,
dynamics, infinite-dimensional spaces, or fundamental issues in
variational analysis and geometry.

Subject Classifications
Additional Title Details
Title History Details
Publisher & Ordering Details
Price Data
Online Availability
Other Availability
Demographics
Reviews
Save to List

Email

Download

Print

Corrections

Expand All

Collapse All

6/09/2011 4:37 PM

