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Current driven instability in collisional dusty plasmas
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The current driven electromagnetic instability in a collisional, magnetized, dusty medium is
considered in the present work. It is shown that in the presence of the magnetic field aligned current,
the low-frequency waves in the medium can become unstable if the ratio of the current to the
ambient field is larger than the light speed times the wave number. The growth rate of the instability
depends upon the ratio of the Alfvén to the dust cyclotron frequency as well as on the ratio of the
current density J to the dust charge density Zend, where Z is the number of electronic charge on the
grain, e is the electron charge, and nd is the dust number density. The typical growth rate of this
instability is on the order of Alfvén frequency which compares favorably with the electrostatic,
cross-field current driven, Farley–Buneman instability and thus could play an important role in the
Earth’s ionosphere. © 2009 American Institute of Physics. 关doi:10.1063/1.3264834兴
I. INTRODUCTION

The role of the charged grains in the space environment
has been actively investigated for past several decades. It is
believed that the dynamics of the charged dust is important
to the stars and planet formation.1 Investigations of the dust
dynamics in our solar system, viz., spokes in the Saturn’s
ring, the Jovian ring formation, and formation of the noctilucent clouds in the Earth’s mesosphere, are relatively
recent.2–6 One of the principal difficulties in studying the
dynamics of the dusty plasma is associated with the complexity of the problem related to the wide distributions in the
size, charge, and mass of the dust particles. In the space and
astrophysical environments one generally finds graphite, silicate, and the metallic grains whose size can vary between a
few angstroms to a few centimeters or more and charge can
vary between 1 and 2 to hundreds of electrons.1,3 The mass
of the grain may vary as well between a few proton mass to
a few billion proton mass. This wide distribution in the size,
mass, and charge of the grain has profound implication on
the dynamics of the dusty plasma. For example, for a singly
charged grain, having ⬃10−6 g mass and ⬃0.01 cm radius,
the electrostatic and self-gravitational forces acting on the
grain can balance each other.7,8 This may affect the dynamics
of self-gravitating dusty clouds. The balance between the
gravity and the electrostatic force on the grain surface causes
a thin cloud of dust over the semiconductor chips, posing
considerable difficulty in the chip manufacturing.4,9 Since
charge on the grain can be manipulated by manipulating the
ambient plasma conditions, they can be utilized as a probe to
investigate the plasma sheath properties.10 Therefore, the
grain mass and charge variation modify the collective plasma
behavior.11,12
The charge on the grain is often 共but not always兲 determined by the collision with the plasma 共electron and ion兲
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particles.13 Therefore, a self-consistent set of magnetized
dusty plasma equations requires inclusion of the collision
terms in the dynamics. Clearly, dusty plasma dynamics, depending upon the physical properties of the system, can be
studied in various limits. For example, when the dynamical
response time is much larger than the collisional time scale
valid for the low frequency fluctuations, the multicomponent
electron, ion, and dust system of equations can be reduced to
a single fluid description14 and the set of equations becomes
similar to the Hall magnetohydrodynamics 共MHD兲, except
now that the origin of the Hall term is due to the relative drift
between the plasma and the dust particles.15 In the opposite
limit, when the dynamic response time is much shorter than
the collisional time scale, the inert dust cannot participate
in the high frequency plasma modes, except causing considerable damping of the waves. In the present work, we
shall assume submicron sized grains 共a ⬃ 10−5 cm兲 with
md ⬃ 10−15 g and utilize the low frequency, single fluid description of the dusty plasma similar to Ref. 14. This is motivated by the fact that the micron sized grains are believed
to be responsible for the low frequency fluctuations in the
planetary and interstellar medium.16–20
In the partially ionized dust free plasma consisting of the
electrons, ions, and the neutrals, the Hall field can arise if
the gyration of the ions is inhibited by the neutrals, i.e.,
ci Ⰶ ni, where cj = eB / m jc and nj is the cyclotron and
collision frequencies of the jth particle and e , B , m j and
c are electric charge, magnetic field, mass, and speed of
light, and the electron gyrates uninhibited across the field
共ce Ⰷ ne兲.21 In the dusty plasma, it is realistic to assume
that the bulk velocities of the plasma particles are comparable over the dust dynamical time scale, and thus the relative drift between the plasma particles and dust will cause
the Hall field.14 The charge separation and the ensuing Hall
field owe their existence to the large dust inertia. Therefore,
the Hall field is a characteristic of the magnetized dusty
plasma.15
The current driven instability has a reach history, par-
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ticularly in the context of explaining the irregularities in the
ionosphere.22–25 It is believed that the strong Hall current
called electrojets, which flows perpendicular to the magnetic
equator at an altitude of ⬃100 km in the ionosphere, is unstable. The Hall current instability 共also called Farley–
Buneman instability兲 has been observed around the equatorial zone or within the polar cap.26 The role of the dust in the
Hall current instability has been investigated27–29 following
the observations of the dusty layer below the equatorial electrojet region.3 Note that the Hall current instability is electrostatic in nature where the magnetic field fluctuations are
completely ignored. Further, the ambient current in this instability flows across the magnetic field. Therefore, this electrostatic instability, which requires a cross field current, treats
the magnetic field as passive dynamical quantity, notwithstanding the observed daily variation in the magnetic fields
in the narrow belt of the geomagnetic equator attributed
mainly to the presence of dynamo currents at 90–120 km.
Therefore, in the present work we shall investigate the current driven electromagnetic instability with the ambient current aligned to the background magnetic field. Clearly, the
physical nature of the problem considered here is quite different from the past work on the Farley–Buneman instability
in the dusty plasma.28,29
We shall assume that the medium is weakly ionized 共for
example, noctilucent cloud where the plasma density is much
smaller than the neutral density兲 and the inertia of the plasma
component is mainly due to the presence of the charged
grains, i.e., e Ⰶ i Ⰶ d 共where  j = m jn j is the mass density
with m j as the mass and n j as the number density of the jth
particle兲. Although neutral particles will as well affect the
dynamics by causing the Hall field over the neutral-ion collision time scale, we are concerned here with the extremely
low frequency fluctuations, and thus neglect the role of the
neutrals. Thus, we shall investigate the dynamics of dusty
plasma consisting of electrons, ions, and the charged
dust only. Although the charge fluctuation is responsible
for the novel collective behavior, it does not affect the
low frequency normal mode.16 Hence, we shall neglect
the charge dynamics and assume constant dust charge.
The basic set of equations is given in Sec. II. Assuming
equality between the electron and ion bulk velocities,
the multifluid description is reduced to a single fluid description. This single fluid description is similar to the
Hall MHD equations of a two component, fully ionized
plasma. Notwithstanding this similarity, the nature of the
Hall term is quite different in the dusty plasmas.14,15 In Sec.
III, the basic formulation of the problem is given and the
dispersion relation is derived. The numerical roots of the
dispersion relation are presented and the dependence of the
instability on various parameters is discussed. In Sec. IV,
possible application of the result with a brief summary is
presented.
II. BASIC MODEL

Our model of a multicomponent dusty plasma consists of
the electrons, ions, and the charged grains. The continuity
equation for the electrons, ions, and the dust is

 j
+ ⵜ · 共 jv j兲 = 0.
t

共1兲

Here  j is the mass density and v j is the velocity, and j stands
for electrons, ions, and grains. The momentum equations are
0 = − ⵜPe − ene共E + ve ⫻ B兲 − eed共ve − vd兲,

共2兲

0 = − ⵜPi + eni共E + vi ⫻ B兲 − iid共vi − vd兲,

共3兲

d

dvd
= − ⵜPd + Zend共E + vd ⫻ B兲 + 兺  j jd共v j − vd兲.
dt
j=e,i
共4兲

The electron and ion inertia has been neglected while writing
Eqs. 共2兲 and 共3兲. This is motivated by the fact that the inertia
in the dusty plasma is largely carried by the dust grains. The
momentum equations 共2兲–共4兲 are closed by assuming an isothermal equation of state P j = Cs2 j, where Cs = 冑T j / m j is the
sound speed. Equations 共2兲–共4兲 on the right hand side have
the pressure gradient term, Lorentz force term with E and B
as the electric and magnetic fields, respectively, e is the electric charge, Z is the number of charge on the grain, n j is the
number density and the collisional momentum exchange
term, where  jd = nd具v典 jd is the collision frequency of the
dust with jth species.
We shall define the mass density of the bulk fluid as
 = e + i + d ⬇ d. Then the bulk velocity v = 共ivi + eve
+ dvd兲 /  ⬇ vd. The continuity equation 关summing up Eq.
共1兲兴 for the bulk fluid becomes


+ ⵜ · 共v兲 = 0.
t

共5兲

The momentum equation can be derived by adding Eqs.
共2兲–共4兲,



J⫻B
dv
= − ⵜP +
.
dt
c

共6兲

Here P = Pe + Pi + Pd is the total pressure.
Making use of plasma quasineutrality condition ne = ni
+ Znd in the current density J = e共nivi − neve + Zndvd兲, and assuming ve ⯝ vi, the relative drift between the electrons and
dust velocities can be written as
ve − vd ⯝ − J/eZend .

共7兲

Defining ␤ j = cj /  jd as the plasma Hall parameter—a measure of magnetization of the electrons and ions, we see that
when plasma cyclotron frequency cj dominates the plasmadust collision frequency  jd, the Hall term 共⬃E ⫻ B兲 will
dominate in Eqs. 共2兲 and 共3兲. Thus the Hall field is generated
over the plasma-cyclotron time scale. Assuming that the
electrons are strongly magnetized, i.e., ␤e Ⰷ 1 共valid in the
lower E region of the Earth兲, and taking curl of the electron
momentum equation 共2兲, the induction equation, after making use of the Maxwell’s equation, can be written as
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冋

冉 冊册

B
J⫻B
= ⵜ ⫻ 共vd ⫻ B兲 −
t
Zend

共8兲

.

While writing Eq. 共8兲, the electric field due to pressure gradient term in Eq. 共2兲 has been neglected. In a weakly ionized
dusty medium, the contributions of the plasma pressure
terms are generally small. We shall utilize Eqs. 共5兲, 共6兲, and
共8兲 along with an isothermal equation of state to investigate
the dusty plasma dynamics.

冢

冉

i +

kJ
Zend
2

− ck B
4Zend

冊

ck2B
4Zend

冉

kJ
−i +
Zend

冊冣

␦B = ikB

冉 冊
1 0

0 1

We assume that the plasma is immersed in a uniform
background magnetic field B = 共0 , 0 , B兲. Often, the plasma
inhomogeneities coupled with the field aligned current are
thought to be responsible for the wide range of waves and
fluctuations in the Earth’s ionosphere.30 The field aligned
current could have its origin in the relative plasma motion.
Although the role of the dust in the field aligned current and,
subsequently, in the magnetosphere-ionosphere coupling is
not clear, in the Jovian and Saturn’s magnetosphereionosphere coupling, dust will play an important role. In the
laboratory plasmas, the presence of field aligned current may
cause the lowering of the threshold for the lower hybrid
waves.31 Thus, we shall assume an equilibrium current
J = 共0 , 0 , J兲 aligned to the ambient magnetic field.
The linearized equations are

 ␦
+ ⵜ · ␦v = 0,
t

共9兲

冋

共10兲

册

1
 ␦B
= ⵜ ⫻ ␦v ⫻ B −
共␦J ⫻ B + J ⫻ ␦B兲 .
t
Zend

共11兲

While writing Eq. 共10兲, we have assumed ␦ P = Cs2␦. We
shall assume that the waves are propagating along the background magnetic field, i.e., along the z. Thus Fourier transforming the perturbed quantities as exp共−it + ikz兲, the linearized momentum equation can be reduced to the following
form:

冉 冊

 0
1
␦v =
0 


冢 冣
− kB
4

− iJ
c

− iJ
c

− kB
4

␦B.

where

冋 冉 冊 册

C0 = A4 1 −

共12兲

We note that the pressure term has dropped out on the right
hand side in the above equation. This is not surprising since
although the medium is not cold, the wave propagating along
the magnetic field, which is transverse mode, gets decoupled
from the longitudinal acoustic mode. This can also be seen
by dotting the Fourier transformed Eq. 共10兲 with k which
will give k · ␦v = 0, which implies ␦vz = 0. Therefore, the fluid
is effectively incompressible.
The linearized induction equation 共11兲 becomes

4J
cB

2

1
,
k2

共14兲

共15兲

a = J / Zend , b = cB / 共4Zend兲, and A ⬅ kvA is the Alfvén
frequency with vA = B / 冑4d representing the Alfvén velocity in the dusty fluid. In the absence of current term, i.e.,
a = 0, Eq. 共14兲 reduces to

2 = A2 ⫾

冉 冊

A2
,
cd

共16兲

which for the short wavelength 共cd Ⰶ A兲 fluctuations describes the whistler waves in the high frequency 共A Ⰶ 兲
limit,

⬵

A2
,
cd

共17兲

and the electrostatic 共ⵜ ⫻ ␦E ⬇ 0兲 ion-cyclotron wave in the
low frequency  Ⰶ A limit,

 ⬵ cd .

 ␦v
1
+ Cs2 ⵜ ␦ = 共␦J ⫻ B + J ⫻ ␦B兲,

t
c

共13兲

The following dispersion relation can be derived from Eqs.
共12兲 and 共13兲:

4 + 2ak3 + 共a2k2 − 2A2 − b2k4兲2 + C0 = 0,
III. THE EQUILIBRIUM AND DISPERSION RELATION

␦v.

共18兲

In the long wavelength limit, i.e., A Ⰶ cd, we recover usual
Alfvén wave 2 = A2 .
In the presence of the equilibrium current, the necessary
condition for the instability C0 ⬍ 0 reads
J⬎

cB
k,
4

共19兲

implying that no matter how weak is the strength of the
ambient field aligned current density, the above condition
can always be satisfied for the long wavelength fluctuations,
albeit with small growth rate. Therefore, we may infer that
the low frequency fluctuations in such a medium will always
be susceptible to the field aligned current driven instability.
In the Earth’s ionosphere, where the current is due to the
relative drift between the plasma particles, assuming
兩J兩 ⬇ eneve, we see that for the typical drift speed of 5 km/s
and ne ⬃ 3 ⫻ 103 cm−3, the current density J ⬃ 2 A / km2.
Such current density compares favorably with the observed
electrojet value at ⬃90 km.32 Assuming the field strength
B = 0.3 G, we see that the long wavelength fluctuations
ⲏ104 km are unstable to the instability. The local value of
the current density J determines the cut-off wavelength below which the waves will remain stable.
We solve Eq. 共14兲 numerically. The real and imaginary
parts of the  / A against 4J / cBk are shown in Fig. 1共a兲 for
2
. Choice of the
the fixed J / 共Zend兲 = 0.1vA and A2 = 0.01cd
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FIG. 1. The real and imaginary parts of the  / A against 4J / cBk are
2
. In 共b兲 real
shown in 共a兲 for fixed J / 共Zend兲 = 0.1vA and 2A = 0.01cd
and imaginary parts of the  / A are plotted against A / cd for fixed
J / Zend = 0.1vA and 4J / cBk = 0.01.

parameters is guided by the fact that J / 共Zend兲 is typically
the drift velocity of the plasma particles against the dust
grains and since dust carries 1–2 negative charge in the noctilucent layer, assuming nd ⬃ 10 cm−3, and Alfvén velocity
vA ⬃ 10 km/ s for submicron sized grain, we see that the
plasma drift velocity 共3–5 km/s兲 is smaller than the Alfvén
velocity. Thus we choose J / 共Zend兲 = 0.1vA. The ratio of the
Alfvén to the dust cyclotron frequency for given plasma parameters implies fixing the wavelength of fluctuations. We
see from Fig. 1共a兲 共bold line兲 that the current driven instability grows only at long wavelength in conformity with Eq.
共15兲. The corresponding maximum growth rate is ⬃0.25A,
which is very small considering that here the Alfvén frequency is very small since k → 0. With decreasing wavelength, the growth rate diminishes, completely disappearing
at 0.5, i.e., when  ⱗ cB / 4J. The real part of the frequency
共dotted curve兲 does not change much over the entire span.
In Fig. 1共b兲 the growth rate 共bold curve兲 of the current
driven instability is shown against A / cd for the fixed
J / Zend = 0.1vA and 4J / cBk = 0.01. The growth rate is very
similar to the previous case, except now that the wavelength
at which the instability disappears is slightly larger. Note that
both the whistler and the ion-cyclotron modes are the short
wavelength part of the spectrum and thus it would appear
that with increasing A / cd, the instability, if it is solely due
to the Hall diffusion, should grow contrary to what is seen
in Fig. 1共b兲. However, given that the necessary condition
C0 ⬍ 0 is easily satisfied for the long wavelength fluctuations,
which corresponds to the Alfvén waves 关please see Eq. 共16兲兴,

0
0

2.5

5
J / (Z e n v )

7.5

10

d A

2
FIG. 2. Same as in Fig. 1 but for fixed 2A = 0.01cd
and 4J / cBk = 0.01
against J / 共ZendvA兲.

it is not surprising that with increasing A / cd, instability
disappears. Therefore, although the instability is caused by
the Hall diffusion in the medium, it is the long wavelength
Alfvén wave that becomes unstable. The real part of the
frequency is similar to the previous case.
How is the growth rate affected by J / 共ZendvA兲? As noted
above, J / 共ZendvA兲 is essentially the ratio of the plasma drift
to the Alfvén velocity. We plot in Fig. 2 both the real and the
imaginary parts of the  / A against J / 共ZendvA兲 for fixed
2
A2 = 0.01cd
and 4J / cBk = 0.01. The maximum growth rate
of the instability is 0.55A when J / Zend ⬃ vA, implying that
the waves get maximum free energy when the drift J / Zend
and the Alfvén velocities are comparable. Note that the values of the real and imaginary parts of the frequency are comparable when J / Zend ⬃ vA, which means that there is an equipartition of the free energy between decaying and growing
parts of the wave. Only when J / 共ZendvA兲 ⬎ vA, the imaginary
part of the frequency dominates the real part. The growth
rate slowly decreases with increasing J / 共ZendvA兲 and becomes zero when J / 共ZendvA兲 = 150 共not shown in the figure兲.
Since it is the long wavelength Alfvén waves that are destabilized by the Hall diffusion, it is not surprising that the
maximum growth rate is achieved when J / Zend ⬃ vA, i.e.,
plasma drift speed is comparable to the Alfvén speed. When
J / 共ZendvA兲 ⬎ 1, the Alfvén wave will lag the plasma particle
drift, and thus will be unable to get the plasma kinetic energy
at the same rate as it was getting when J / 共ZendvA兲 ⬃ 1. Thus,
we see the growth rate as well as the real part of the frequency decreases and will ultimately become zero for very
large J / 共ZendvA兲.
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IV. APPLICATION AND SUMMARY

In the vicinity of bright discrete auroral arcs, field
aligned currents are often observed.30 These field aligned
currents are also a source of free energy. The summer
mesopause 共80–90 km兲, which is the coldest place in the
Earth’s environment 共T ⱗ 100 K兲, is associated with the polar mesospheric echo 共PMSE兲—a strong radar backscatter
共⬃50 MHz– 1.3 GHz兲.33 These observations indicate that
during the PMSE and noctilucent cloud formation, a large
amount of dust is present in the medium.3 Thus, present
results can be applied to the Earth’s lower ionosphere.
The maximum growth rate of ⬃0.5A at J / Zend ⬃ vA for
vA ⬃ 10 km/ s implies that the instability growth rate is
⬃5共k / km兲s−1, suggesting that for fluctuations of wave number k = 10 km−1, the growth rate is ⬃50 Hz. This growth
rate compares favorably with the Farley–Buneman
instability.27–29 However, as has been noted above, the
present instability is electromagnetic in nature, whereas
Farley–Buneman instability is electrostatic, and thus a detailed comparison of the two instabilities is not possible.
To summarize, the current driven instability in a collisional, magnetized, dusty medium has been analyzed in the
present work. The low frequency, long wavelength waves in
the magnetic field aligned current medium can become unstable to the low frequency fluctuations if the ratio of the
current to the background field is larger than the light speed
times the wave number. The growth rate of the instability
depends on the ratio of the Alfvén to the dust cyclotron frequency as well as on J / Zend. The growth rate of the instability compares favorably with Farley–Buneman instability,
although the physical mechanism of the present instability is
very different from the Farley–Buneman instability.
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