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The nature of attractive particulate networks, yield stresses, and normal stress differences is systematically reviewed, each in terms
of the relevant definitions, underlying mechanisms, and current measurement techniques. With this foundation, experimental
observations of normal stress differences in some suspensions and colloidal systems are surveyed, along with constitutive models
that allow for normal stress differences to arise prior to yielding. Yield stresses are a hallmark of attractive colloidal systems and vital
in their processing. In contrast, little attention has been given to the role of normal stress differences in these systems. The presence
or absence of normal stress differences necessarily affects the isotropy of the normal stress field through the solid particulate phase
(treated as a continuum), in turn affecting estimation of yield stress. Given the importance of yield stresses in dealing with practical
industrial problems, and in understanding fundamental behaviours, it is important to ensure that yield measurements can be relied
upon.

1. Introduction
The literature abounds with studies of either normal stress
differences (𝑁1 and 𝑁2 ) or yield stresses (𝜏y ), but seldom
are both discussed for a given material. Most of the studies
on normal stress differences are conducted on polymeric
systems (i.e., melts and solutions), where these phenomena
are large in magnitude, while yield stresses are negligible or
nonexistent. Yield stresses are manifest as obvious features in
a range of other systems, in which interaction between “solid”
components is a characteristic; in the present discussion
we will focus on colloidal particulate systems, in which the
particles are attracted to one another, or “cohesive.”
The practical absence of yield stresses in polymeric
systems does not correspond to an absence of normal stress
differences in attractive colloidal systems. Indeed, evidence
from direct experimental observation, indirect experimental
inference, and predictions from mathematical models all suggest that colloidal particulate systems can exhibit significant
normal stress differences.

When a given sample exhibits both a yield stress and
normal stress differences, we would like to know whether
the two phenomena operate in isolation, or whether one can
influence the other. This will be addressed by considering the
physics involved and by comparing the magnitudes of the
stresses involved.
The following discussion will focus on shear rheology.
However, the principles can be applied to compressive rheology and extensional rheology, in which shear stresses are
still to be found.

2. Principles
2.1. Attractive Particle Networks
2.1.1. Definitions. Attractive particle networks are often referred to as “gels,” although their properties are different
from polymer gels. According to Mewis and Wagner [1]
there is “no single definition” of a gelled state. For our
purposes, there are only two definitions that matter [2]: first,
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the primary particles are “bonded” to each other so as to
span the volume; second, the solid phase can support a load.
By “bonded” it is meant that individual solid components
are associated with an attractive interaction—a slight surface
separation is allowed (e.g., [3–5]). The two definitions are
often conflated but strictly should be treated separately.
Specifically, a network could form through floppy bonds that
do not support any load, whereas a stable suspension at
high concentration (i.e., a particulate “glass”) may support a
load without ever being “bonded.” The first definition is the
more fundamental, but it cannot readily be measured, and so
recourse is usually made to the second definition.
2.1.2. Mechanism. Attractive particle networks are formed
when two conditions are met: (i) the attractive forces between
particles are sufficiently strong to withstand whatever other
forces are acting, such as gravity or shear; (ii) the volume
fraction of solids, 𝜑 (i.e., solidosity), is high enough for the
resulting interconnected set of particles to span the volume
of the sample. If the attractions are too weak, or the solid
volume fraction is too small, then the particles will only be
able to form isolated clusters. An exhaustive review is beyond
the scope of the present work; standard references include the
books by Shaw [6], Hunter [7], Israelachvili [8], and Russel et
al. [9].
Particulate networks found in industry and in nature
are generally mixtures of diverse particle shapes, sizes, and
(sometimes) compositions. The interparticle bonding in such
systems can be caused by suppression of electrostatic repulsion so that van der Waals forces dominate (as in coagulation)
[6, 7, 10, 11], or they can be due to polymer flocculation, which
might be due to the formation of polymer bridges [7, 12, 13],
or due to creation of charge patches on the particle surfaces
due to adsorbed polymer [14, 15]. Particle aggregation in a
secondary minimum of the interaction potential can also
occur (see [7, 12]) but is not very important in practical
systems [1].
Among a few other mechanisms of particle aggregation,
one more that must be noted here is depletion flocculation.
This involves addition of a nonadsorbing polymer to the
fluid. The polymer is unable to access the interstices between
nearby particles, and the osmotic force so generated favours
reduction of interparticle gaps. This mode of aggregation is
popular in rheological studies because the attraction can be
“tuned” [16], and the aggregation is more-or-less reversible
[12]. However, treatment in general texts is rather cursory
(e.g., [6, 8]), suggesting it is unimportant in most practical
applications—perhaps due to the relatively weak attractions
that result [8]. Depletion forces tend also to be relatively
short-ranged [8], which engenders specific behaviours that
do not occur with longer-ranged interactions [1].
At very low particle concentrations a network is eventually built up by the interconnection of aggregates or “flocs”
that were formed by either “particle–cluster aggregation”
or “cluster–cluster aggregation” (e.g., [17–19]); in contrast,
at very high particle concentrations, a network forms in a
statistically uniform way throughout the entire volume by
“percolation” or other such processes (e.g., [20, 21]). Although
the terms aggregation and percolation are occasionally used
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interchangeably in the literature, the processes are distinct
and produce different microstructures [22–24].
Biological Systems. Colloidal networks also form in some
biological systems (e.g., [25]). Typically in biological systems
it is the cells that would represent the colloidal “particles.”
Examples include human red blood cells (erythrocytes) (e.g.,
[26, 27]); algae (e.g., [28, 29]); and bacteria (e.g., [25, 30–32]).
These biological systems introduce new complexities not
seen in nonbiological systems (e.g., [25, 26, 30–32]),1 as
discussed further in the Supplementary Material available
online at http://dx.doi.org/10.1155/2016/1716598. Therefore it
is expected to be more fruitful to first investigate abiologic
systems to gain understanding of the fundamental mechanical principles and subsequently seek to judiciously apply these
principles to biological systems.
Reversibility. Besides special cases such as depletion flocculation, aggregation is not generally reversible [12, 24, 33].
Coagulation by charge-neutralisation may be reversible in
principle (cf. [34]), but practical coagulation (such as the
sweep coagulation practiced in water treatment [24]) is
essentially irreversible (cf. [35]). This irreversibility is seen
when aggressively shearing firm, “solid-like” gels such as soil
samples [36] or dewatered water treatment plant sludge [24],
as they cannot recover their original networked state after
being liquefied.
Even when the bonding is reversible, the structural
arrangement within and between individual clusters of particles can be highly dependent upon the shear regime during
aggregation (e.g., [22]) and the local particle concentration
[22, 37]. When a particulate gel is disrupted and reforms,
if the conditions are not just right, then it is likely to have
a different network structure, and thus different physical
properties (e.g., [38]).
The ideal approaches to avoid disturbance of the sample
are to either measure it in situ (e.g., [39]) or to generate the
sample in situ within the rheometer (e.g., [40]).
2.1.3. Measurement. The topic of general measurements on
colloidal gels is too broad to be succinctly reviewed within the
present scope and depends greatly upon the application. With
respect to rheological measurements, the two main areas of
interest are shear rheology and compressive rheology. The
shear rheology of these materials can be exceedingly complicated, as discussed in standard texts [1, 41, 42]. Measurements
illuminating the shear rheology are discussed in the following
sections. Compressive rheology [24, 43] is worthy of more
investigation, dealing as it does with complementary yielding
and flow phenomena, but is beyond the scope of the present
review. Extensional rheology of these systems is generally not
considered (cf. [42]).
In rheological investigations it is common to impose a
high “preshear” to aggregated samples to “rejuvenate” them
and thereby engender a consistent shear history (cf. [44,
45]). This is a good strategy for fundamental investigations
that require “well-behaved” specimens but is not necessarily
appropriate for more applied investigations of industrial
materials. Ovarlez et al. [46] also warn against preshearing.
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Figure 1: Yielding mechanisms in an attractive particulate glass, viewed along the vorticity direction. (a) The original unsheared configuration.
The shaded particle has particles 1–6 as topological neighbours and is bonded to particles 1, 2, and 6. Under small shear strains, the bonds are
stretched but the particles stay in the same configuration. (b) Breakage of bonds above a threshold shear strain. (c) After one cycle of oscillatory
shear, the shaded particle is now bonded to different particles. (d) Above another threshold in oscillatory shear strain, the identity of the
topological neighbours around the shaded particle is changed and the glass is melted and becomes liquid-like. (Reprinted with permission
from Pham et al. [59]. Copyright 2008, The Society of Rheology.) (See also [61, 156].)

An overarching feature of particulate gels is that the
behaviour is not controlled purely by the solid phase but
rather by a complex interplay of contributions from the
particulate skeleton and the fluid in which the particles are
embedded. Thus while the actual definition of a gel may not
be so difficult, defining reliable characteristics that can be
measured is more problematic.
2.2. Shear Yield Stresses
2.2.1. Definitions. The mathematical formulation of a yield
stress can be traced back to Schwedoff, in 1900 [47].2 Bingham
[48] famously used the yield stress as a quantitative characterisation in preference to the less precise qualitative description
of “plastic” flow that was conventional at the time. In Bingham’s model a material would flow if exposed to shear stresses
above a critical value, while it would act as a rigid solid under
the action of smaller stresses. As measurement techniques
became more sensitive, a debate arose as to whether yield
stresses were “real,” or whether the concept obscured the
true behaviour [49–51]. The consensus established was that
for most practical purposes it is reasonable to characterise
material behaviour in terms of a yield stress, provided that
the timescale and length scales of the measurement were
commensurate with the relevant scales of the application
[50, 52–57].
Associated with these developments, the concept of
“yielding” has broadened to include not just the transition
from bulk elastic solid to viscous-fluid behaviour, but also
each of the mechanistic steps associated with breakdown of
the particulate gel structure. A popular modern conception of
particle networks holds that at long length scales the particles
may cluster, but on short length scales they can be viewed as
variants of hard-sphere glasses (cf. [58]) in which particles are
kinetically “trapped” by “cages” formed of the neighbouring
particles [59–61]. With reference to this view, the yielding
steps are hypothesised to include a sequence of
(1) “bond breaking,” or movement of the particles within
their “cage”;

(2) “cage breaking,” or escape of the particle from the
“cage”;
(3) breaking of denser (stronger) clusters.
Prior to yielding, strain is due only to bond stretching (or
rotation). The first two mechanisms are illustrated in Figure 1.
This conception has been built up largely through experiments on depletion flocculated spheres at relatively high
solid volume fraction, 𝜑 (e.g., [59, 60]). At lower 𝜑, it has
been suggested that the interpretation should be adjusted, so
that the first yielding event is associated with breakdown of
bonds between clusters, while further yielding involves the
breakdown (or densification) of these clusters [60]. We would
support this latter view, especially in relation to strongly
aggregated systems that can form particulate gels even at 𝜑 ∼
0.001 [62].
To be properly rigorous, the dependence of the shear
yield stress, 𝜏y , upon isotropic (“hydrostatic”) normal stresses
should be considered, as should the existence of normal
stress differences. This latter is especially important due
to the common use, in studies of these materials, of the
coordinate system suggested by the rheometric geometry
(e.g., a parallel-plate or Couette cell), rather than principal
stresses and strains as in solid mechanics [47, 63] (cf. [64,
65]). A correction for this is provided in Section 3.
Various shear yield strains associated with the respective
shear yield stresses can also be defined [1, 59, 66]. The shear
strain rate may also be important [67] (see Figure 3(b)).
2.2.2. Mechanism. Colloidal materials are able to act as
an (elastic) solid while the constituent particles mutually
attract,3 so as to form a particulate “network,” “gel,” or
“paste.” Only when sufficient stress is applied to overcome the
interparticle forces can the bonds rupture and the network
fail, such that the material begins to exhibit viscous (or
viscoelastic) behaviour. Strongly aggregated systems tend to
exhibit more clearly defined yield stresses, whereas weakly
bonded particles are more likely to exhibit creep [24, 68–70]
(cf. [17, 18, 71]).
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The yield stress arises from particle–particle bonds. The
liquid phase does not (directly) contribute to this mechanism.
The main roles of the liquid are to provide a degree of
buoyancy to the solid phase and to provide an environment
for counterions to modulate the overall interparticle forces.
Nevertheless, the presence of liquid does superimpose a
viscous damping effect on the response attributable to the
particulate network alone [72]. In typical applications the
liquid phase behaviour can be treated as Newtonian.
2.2.3. Measurement. There are numerous techniques for
measuring shear yield stress, as described in various reviews
[1, 24, 42, 53, 57]. These include the vane test [49, 73],
the “slump test” [74, 75], penetration methods [39, 76–79],
parallel-plate compressional “plastometry,” “squeeze film” or
“upsetting” devices [49, 79, 80], incipient yielding on an
inclined plane or channel [81, 82], capillary rheometers [49,
83], analytical rotational rheometers [49, 79, 84], and triaxial
testers [79]. Experimental comparisons of the shear yield
stresses estimated using different techniques were presented
by Yoshimura et al. [85] and James et al. [56].
Another (indirect) measure of yielding is commonly
obtained by examination of the storage modulus, 𝐺 (𝜔), and
loss modulus, 𝐺 (𝜔), obtained from dynamic (oscillatory)
tests at oscillation frequency 𝜔—at low strain amplitude
(cf. [86]). It is often supposed that the point of equality of
𝐺 (𝜔) and 𝐺 (𝜔) marks the transition between solid-like
and liquid-like behaviour [41]. More rigorously, a critical gel
condition is reached when both 𝐺 (𝜔) and 𝐺 (𝜔) vary like
𝜔𝑛 , in which 0.5 ≤ 𝑛 ≤ 1, corresponding to a (self-similar)
power-law distribution of relaxation times (see [1]).
The cone–plate geometry remains much more popular in
nonlinear dynamic tests, for procedural advantages including
simplicity, smaller sample requirements, and familiarity. Yet
this configuration is also susceptible to issues such as bridging
of the small gap by particles in the sample (jamming) and slip
effects.
The vane test (Figure 2) is quite straightforward and
robust compared to the alternative techniques and so is
discussed at greater length below.
Vane Techniques. The shear yield stress, 𝜏y , can usually (cf.
[81]) be most reliably measured by inserting or embedding
a “vane” [49, 73] into a sample and observing the stress, 𝜏,
at a low, constant strain rate [53, 87–89]. An illustration of
shear stress development as a function of time is presented
in Figure 3(a). Usually the maximum shear stress, 𝜏y3 , is
recorded as the “static” shear yield stress [53, 87–90]. This
maximum stress has been proposed to correspond to the
stress required to break the strongest bonds between the
“kinetic units” of the system [55]. In the present context,
“kinetic units” can be particle aggregates, single particles, or
even particle fragments.4 Doraiswamy et al. [91] also warn
that transition from solid-like to viscous behaviour is likely to
occur over a range of shear strains for real materials. Coussot
[72] further notes that gradual solid–liquid transitions may be
observed due to (shear) stress heterogeneities. Formation of
a peak “overshoot” in the shear stress, as in Figure 3(a), is also
predicted in some constitutive models [63, 92]. The breadth of
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Assumed
shearing
surface

Figure 2: Schematic of one embodiment of a vane test. As per the
dictum of Nguyen and Boger [90], the diameter and height of the
sample are shown as (at least) double those of the vane here. The
presumed shearing or slip “plane” is also sketched.

the peak is attributed to the stochastic nature of the breakup
[59].
Notwithstanding the landmark paper of Nguyen and
Boger [90] (cf. [73]), vane measurement techniques have
been used for almost a century in soil mechanics, dating
back to 1919 [39].5 In soil mechanics recording the steady
shear stress eventually attained after yielding is sometimes
practiced [89, 93, 94], which is 𝜏y4 in Figure 3(a). This can be
called a “dynamic” shear yield stress [54]. At this steady-state
condition the rates of bond breakage and reformation are
expected to become equal [95]. This stress can be compared
with the “dynamic” shear yield stress obtained by lowering
the shear strain rate, 𝛾,̇ until the shear stress approaches a
constant value [41, 56].
Another yield point can be defined as the shear stress
at which the stress–time curve first deviates from linearity,
marked as 𝜏y1 in the sketch (cf. [55]). Given the application
of a constant strain rate, this point indicates the end of the
linear elastic region. Clearly the elastic behaviour observed
at small strains is due to reversible deformation of particle–
particle bonds. In a simplified analysis the end of the linear
elastic region would be identified with the commencement of
plastic deformation associated with the rupture of particle–
particle bonds [53, 95]. In fact, nonlinear elasticity may also
occur [54, 96], so that rigorously we may only suppose that
plastic yielding begins somewhere between 𝜏y1 and 𝜏y3 , which
is marked in the sketch as 𝜏y2 . (If linear plasticity were
allowed too, then both 𝜏y1 and 𝜏y2 could shift to lower values.
Although equations are sometimes expediently borrowed
from the elasticity literature implying a linear plastic response
[93, 97], we are not convinced of a physical basis for that.)
The “critical” shear strains 𝛾e1 and 𝛾e2 , corresponding
to 𝜏y1 and 𝜏y2 , are the limits for linear deformation and
elastic deformation, respectively. Such critical values may
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Figure 3: (a) Typical response of shear stress over time for a hypothetical material exhibiting a shear yield stress, at a small, constant shear
strain rate. Four different “yield” points are indicated (cf. [54, 73, 95]). The relative magnitudes of the identified stresses, 𝜏y𝑖 , may vary. In the
dotted profile, two additional yielding events are depicted at much larger values of shear strain. (b) Responses in step rate tests of a depletion
flocculated particulate gel (or glass) at 𝜑 = 0.44 and 𝛾̇ = 0.1, 1, 5, 10, and 30 s−1 (increasing from bottom to top). (Reproduced from Koumakis
and Petekidis [60] with permission of The Royal Society of Chemistry.)

also be estimated by analysis of measurements made under
oscillatory shear [95].
For some materials, two or even three peaks (or broad
humps/shoulders) in the shear stress versus time curve can
be observed [59–61] (see also [38]), as in the dotted curve
in Figure 3(a) and the experimental results in Figure 3(b).
These may be due to transient jamming events that occur
even while the structure is breaking up (or densifying) [60,
98]. Alternatively, stick–slip interactions with the wall of
the cup may be involved (cf. [99]). The relative height of
the individual peaks depends strongly on 𝛾̇ [59]. Whereas
the initial yielding event typically occurs for relatively small
strains, the later yielding events can occur at strains on the
order of 102 to 103 % [59–61].
An alternative configuration of the experimental measurement is to operate in a shear stress-controlled mode
[56, 85, 99], effectively a “creep test” [73], rather than
strain-controlled as described above. Although claimed to be
advantageous for materials sensitive to structural disruption
[56] or strain [85], demarcation of the yielding limit is
somewhat subjective.
Slip and Associated Considerations. Two of the major reasons
for preferring the vane are the minimisation of sample
disturbance upon loading and avoidance of depletion effects
in which particles or drops migrate away or are excluded
from high shear regions and walls, colloquially called “slip”6
[46, 73, 99, 100]. Slip is especially important in yield stress
fluids [57].
Slip effects can dominate the results from other techniques unless due care is taken; namely, ensuring tool surfaces
are roughened commensurates with at least the particle
sizes [101], up to the cluster sizes or even larger [102] (in a
particulate gel the clusters are interconnected, and the length
scale of surface roughness required on the tool again suggests

use of the vane geometry). The phenomenon of slip has still
not been fully resolved (see [103]) and is variously reported
to occur through a dispersed layer of the colloids or in the
suspending fluid alone, at low shear rates or at high shear rates
(see also [45]).
In particulate networks, for low shear strain rates, the
structure typically fails in a localised region beside one or
more of the bounding surfaces, while the bulk undergoes
plug flow, resulting in a dominant slip effect [101, 102]—a
large change in velocity across the lubrication layer. As 𝛾̇ is
increased, the structure breaks down. While the thickness
of the lubrication layer may decrease as the dispersed phase
changes from a network to clusters to primary particles, the
dominant effect is for a substantial velocity gradient (close to
the apparent velocity gradient) to develop in the bulk, so that
slip effects eventually become so small as to be neglected.
Most interestingly, in colloidal suspensions, Ballesta et
al. [101] reported that the occurrence of slip depended upon
normal stresses, with a lower threshold shear stress for slip
associated with reduced normal stresses—or, more precisely,
greater relaxation of shear-induced normal stress differences.
Recently it has been dramatically reported that shearinduced localised particle depletion is a problem even
with vane geometries, in experiments conducted with a
concentrated emulsion [46]. The phenomenon reported by
Ovarlez et al. [46] is really only of concern in dynamic
vane measurements—especially at high shear strains or strain
rates—and is expected not to affect static yield stress measurements.
Ovarlez et al. [46] also added to the debate [73] as to
whether the boundary of yielding material around the vane
can be described by a cylinder or not. Most notably they
concluded that, besides the presumed circular Couette flow,
extensional flow also occurs, “with [azimuthally]-dependent
normal stress differences which have to be taken into account
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in the yield criterion, which thus impacts the [shape of the
boundary between yielding and unyielding material]” [46].
At the other interface, between the sample and the wall of
the container (e.g., “cup”), slip might also occur, under two
circumstances: (i) the local shear stress imparted surpasses
the shear yield stress at the wall, although it does not exceed
the shear yield stress in the bulk, so that failure occurs only
at the wall [99]; (ii) the local shear stress at the wall exceeds
the yield value there and also at the periphery of the vane,
so that two failure surfaces could occur simultaneously. To
date there is no simple remedy for this. The two main options
are to roughen the wall or to increase the gap width [99].
Such potential for slip at the outer wall will affect the sample’s
behaviour upon yielding; it remains to be seen whether a
confinement effect could also affect the preyielding behaviour
[99] (cf. [57]).
Besides the traditional viscometric techniques, microscopic imaging is becoming increasingly important, including recent advances with confocal microscopy as in Figure 4.
Such tools provide direct evidence as to the microscopic
reality of the flow, or slip.
2.3. Normal Stress Differences
2.3.1. Definitions. In certain complex fluids, normal stresses
can be generated under the action of shear flow by mechanisms internal to the fluid. These stresses arise as a direct
result of the fluid motion and are not isotropic. The two
“deviatoric” normal stresses are described in terms of their
difference from the normal stress oriented perpendicular to
the shear plane, 𝜎22 . The “first normal stress difference,” 𝑁1 ,
is given by
𝑁1 ≡ 𝜎11 − 𝜎22 ,

(1)

in which 𝜎11 represents the normal stress acting in the
direction of the shearing/flow (which is frequently considered
atmospheric (cf. [104])); the “second normal stress difference,” 𝑁2 , is given by
𝑁2 ≡ 𝜎22 − 𝜎33 ,

(2)

in which 𝜎33 represents the normal stress acting in the
neutral, transverse direction (where stresses are positive in
tension) [64]. For simple fluids the normal stress differences
are zero, but they take nonzero values for complex fluids—in
practice these fluids are found to have an elastic component
to their response [64]—and are associated with microscopic
anisotropy in the conformation or arrangement of flow units
[105].
Rarely a “third normal stress difference,” 𝑁3 , is defined
[41], given by
𝑁3 ≡ 𝜎11 − 𝜎33 .

(3)

This variable is redundant, as it is equal to simply 𝑁1 −
𝑁2 , although 𝑁3 may be a convenient parameter for some
applications. Each of the foregoing stresses is sketched in
Figure 5.

Besides the normal stress differences themselves, socalled normal stress coefficients are defined as follows [41,
64]:
Ψ1 ≡

𝑁1
,
𝛾̇ 2

𝑁
Ψ2 ≡ 22 .
𝛾̇

(4)

2.3.2. Mechanism. In polymer solutions or melts, the existence of normal stress differences can be attributed essentially to changes in molecular conformation, and perhaps
alignment [41, 64]. In moderate shear environments, when
chain scission does not occur, the individual molecules
are elastically strained, and they recover their equilibrium
conformation when the stress field is removed or dissipated.
In contrast, colloidal particles can be considered perfectly
rigid and incompressible, to a first approximation. It is not
deformation of the individual particles that governs the
response, but rather deformation of the “particulate network” that is established under the influence of interparticle
attraction. In that sense, attractive colloidal particle systems
initially respond more like solid rubber than like a polymeric
fluid. This behaviour is also different to that exhibited by
cohesionless granular systems [106], which do not form
an elastic network structure.7 It is important to emphasise
again that the liquid phase is not (directly) involved in these
mechanisms for colloidal particle systems; it simply provides
buoyancy and an ionic environment. Thus the normal stresses
that are of interest herein relate to those experienced by the
particulate network itself. Note that, in contrast to the action
of the hydrostatic stress, the particulate network in general is
not expected to be subject to an isotropic compressive stress
(cf. [24]), although this would not affect the analysis unless it
resulted in compressive strain (dewatering or densification)
simultaneous to the shearing deformation.
The different mechanisms applicable to cohesive networks and cohesionless powders are illustrated by the
schematic in Figure 6. In Figure 6(a) the granular system
dilates in response to shear; that is, a compressive normal
force must be applied externally to counteract the dilatational
tendency of the material. (In this system the pore space is
typically filled with air, which ordinarily is able to enter or
exit the chamber as necessary and otherwise may expand
or compress.) By contrast, in Figure 6(b), the colloidal particulate network is stretched in the direction approximately
normal to the shearing motion in order to maintain a constant
volume. In an open system,8 a tensile normal force must be
applied externally to counteract the tendency of the material
to pull the plates together. Note that Figure 6(b) shows that
the gel is expected to still exhibit some elastic properties: that
is, at least some of the deformation would be recovered if
the stress were relieved; if the material were strained further,
irreversible rupture of interparticle bonds would eventually
occur.
While the structure of the colloidal particulate network in
Figure 6(b) may be reminiscent of the “temporary network
model” proposed by Green and Tobolsky [107] to describe
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Figure 4: (a)–(e) Observations from confocal laser microscopy of a depletion flocculated particle system under shear, with, respectively,
𝛾̇ = 0.05, 0.5, 1, 5, and 30 s−1 . (f) Nondimensionalised radius of clusters versus applied shear rate (as Péclet number). The dotted line marks
the onset of slip. For the system 𝑅 = 650 nm, 𝜑 = 0.4, and 𝑈0 = −20𝑘B 𝑇. (Reproduced from Ballesta et al. [102] with permission of The Royal
Society of Chemistry.)

polymer melts and the like [41], the key distinction is
contained in their description: “temporary.” In the polymeric
system the nodes of the network represent entanglements
that will naturally disengage given sufficient time (other
entanglements will then form elsewhere). In contrast, the
nodes in the particulate network can be linked by strong

interparticle bonds that can only be broken by the imposition
of external force.
This explanation might then bring to mind the network
structure of, say, a cross-linked solid rubber material. While
the junctions between polymer strands for such a material
may be enduring [107], indeed the chains themselves are
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𝜎33

𝜏

𝜎11

𝜎22

Figure 5: Normal stresses, 𝜎𝑖𝑖 , arising during shearing. The sign
of the vectors does not correspond to a specific material but
is arbitrarily sketched as tension in all directions. The imposed
“viscometric” shear stress, 𝜏, is also shown.

expected to endure, and the material is seldom pushed to the
point of yielding. Conversely, a shear yield stress of moderate
value is characteristic of particulate gels.
Theoretically an inelastic non-Newtonian material could
exhibit normal stress effects in steady simple shear flow, but
no observations of this are available [64]. Instead the weight
of empirical experience has led to the presumption that any
normal stress differences observed would be due to elasticity
[64] (e.g., [108]).
Influence of Shear Strain and Strain Rate on Normal Stresses.
A sample undergoing “pure shear” strain [109–111] must be
permitted to contract or dilate in the direction perpendicular
to the shear planes (cf. [93, 112, 113]), as in Figure 6(a).
Conversely, in “simple shear” strain one pair of parallel
shearing surfaces is kept at a constant separation [109, 110] (cf.
[93]), as in Figure 6(b); for a solid-like material this requires
an excess normal stress at those surfaces (the Poynting effect)
[113, 114]. For an ideal elastic solid (namely, “neo-Hookean”
and incompressible ⇒ Poisson’s ratio, ] = 1/2) this would
correspond to a compressive contribution to 𝜎22 (0 = 𝑁2 <
𝑁1 ∝ 𝛾2 ; that is, 𝜎22 = 𝜎33 < 𝜎11 ) [104, 113, 115] (cf. [114]),
acting to push the bounding surfaces apart9 [41, 105, 116]. This
effect is usually negligible for elastic deformations, because
of the small strains, 𝛾, generally involved with colloidal
materials10 (e.g., [115, 117]), but may be important in plastic
deformation. Given that a shear stress can be expressed in
terms of (normal) principal stresses, in turn decomposed
into isotropic and deviatoric parts, it is not surprising that
Poisson’s ratio might play an important role; experimental
measurements confirm a very high sensitivity to ], including
a transition from tensile to compressive 𝜎22 for very small
deviations from ] = 1/2 [104, 118]. In practice the sign of
the normal stresses themselves depends on the boundary
conditions, or any superimposed isotropic stress [104, 118].
(The cited analyses typically rely on stresses defined
with respect to the geometry of the undeformed sample.
When large shear strains are contemplated, analysis using
contravariant components of the true stress tensor defined on
convected or “embedded” coordinates [113, 119] may be more
appropriate.)

In the “hyperelastic” behaviour just described, the presence of normal stresses at the confining surfaces does not set
up any shear or normal strains additional to the simple shear
deformation that was imposed. There is no special reason why
the normal stress differences could not significantly exceed
the magnitude of 𝜏—or indeed 𝜏y (cf. [120]).
In contrast to the shear strain, a high shear strain rate is
not expected to be required to induce normal stress differences in yield stress materials—unlike polymeric fluids, for
which the high shear rates are required to induce alignment,
with the stress anisotropy following the structural anisotropy.
2.3.3. Measurement
Rheometry. The most intuitive way of measuring normal
stresses (and hence their difference) is by means of force
transducers mounted on the shaft of a rotational rheometer.
This permits direct measurement of 𝜎22 , but by some clever
analysis additionally 𝜎11 can be inferred in a cone-and-plate
geometry (see [64]). In torsional flow, using a parallel-plate
geometry, Barnes et al. [64] state that the normal stress
differences are related to the measured normal force, 𝐹,
according to
𝑁2 − 𝑁1 
𝐹
1 d (ln 𝐹)
),
(1 +
 = −

2
area
2 d (ln 𝛾̇ 𝑅 )
𝛾̇𝑅

(5)

in which 𝑟 = 𝑅 represents the rim of the plate. The lefthand side is just an average of (𝜎22 − 𝜎11 ) and (𝜎22 − 𝜎33 ),
evaluated at the strain rate prevailing at the rim, 𝛾̇ 𝑅 ; the first
term on the right-hand side is simply 𝜎22 , and the last term is
a “correction.”
The radial stress in a “cup-and-bob” (or vane) geometry,
corresponding to 𝜎22 , could be estimated directly from
tappings [121], pressure transducers mounted flush to the
surfaces [64, 65], or indirectly from calibrated strain gauges
(cf. [122]). Commonly 𝜎33 would be assumed to be zero
(i.e., atmospheric pressure acting only), although strictly this
should be checked. The assumption is more reasonable for
laterally “open” geometries such as parallel-plate but less
justifiable for more confined geometries such as capillary flow
(cf. [65]).
While direct measurement of normal forces would be
most desirable, several potential sources of error exist [57,
64]. Hence, estimation from dynamic oscillatory shear data is
often preferred [64, 72] (cf. [123]). In the context of yield stress
materials, use of steady measurements would surely result in
destruction of the particle network (due to the small critical
shear strains, 𝛾e1 ), which can be avoided in small-amplitude
oscillatory shear (SAOS).
“Rules” for Viscoelastic Fluids. The conventional analysis relies
on an analogy between the steady and oscillatory shear
responses in the limit of slow deformation, which is appropriate for the viscoelastic fluids that are usually the subject of
investigation. The analysis rests on the assumption that the
behaviour of 𝑁1 (𝛾)̇ can be inferred from the behaviour of
𝐺 (𝜔), especially in the limit of 𝛾̇ → 0 and 𝜔 → 0 [41, 64].
This is elaborated in Section 5.1.
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(b)

Figure 6: Schematic of the response of two different types of particle system to shear. (a) Cohesionless granular array (cf. [41]). (b) Colloidal
particulate network formed by aggregation (cf. [157]). Normal forces are not shown but are described in the text. It is assumed that wall slip
is absent.

Analysis Using Constitutive Models. Generalised analytical
results or empirical rules of thumb for viscoelastic fluids may
not be applicable to materials that exhibit a yield stress. An
alternative approach is to fit the measured experimental shear
data to a suitable constitutive model that includes prediction
of normal stress differences. Three models that are applicable
to yield stress materials are described in Section 5.2.

3. Potential for Influence of Normal Stress
Differences on the Yield Stress
3.1. Experimental Estimation. The principles by which normal stress differences could affect the experimental estimation of yield stresses are as follows:
(1) The motion of the material as the sample deforms first
elastically and then plastically in the apparatus sets up
normal stresses differences.
(2) The existence of the normal stress changes the level of
shear stress that may be endured before yielding.
(3) Neglecting normal stress differences may also mean
that the maximum active shear stress is underestimated.
Whether or not this is significant rests on a number of factors:
(i) Amount of shear strain seen.
(ii) Rapidity with which normal stress differences are
established by the shearing.
(iii) Magnitude of the normal stress differences.
(iv) Sensitivity of the yield stress to normal stresses.
In any yielding experiment performed on a real material,
some shear strain will occur. It might initially be anticipated
that the amount of shear strain will be small, but this is
only the case if the measurement technique is intended to
operate by gradually bringing an intact specimen to the
point of yielding. However, as briefly mentioned above, other
measurement techniques exist in which, roughly speaking,
the yield stress is determined by analysing the proportions
of flowing and nonflowing material as a (not necessarily
uniform) stress field acts. The influence of normal stress
differences on the yield stress is thus expected to depend on
the procedure chosen for determining the yield stress.

Some further comments on the “competing” dynamics of
normal stress development and yielding onset are made in
Sections 5.2 and 6.1.
It is clear that normal stresses can be influenced by
shearing and vice versa. Experimental evidence is consistent
with shear yield stresses being influenced by normal stresses,
although the sensitivity may not always be large (e.g., [124])
(cf. [125]).
If each of the above conditions is fulfilled, then ignoring
the influence would mean that the measured yield stress is
misinterpreted as relating to a zero-normal stress condition,
when in fact it should be plotted on another part of the “yield
surface”—the “envelope,” or locus of points in (principal)
stress space at which yielding occurs (see, e.g., [111, 113]).
If nothing else, the presence of significant normal stress
differences will affect the maximal shear stress experienced in
the material, which can be expected (in the first instance) to
control the yielding, rather than the shear stress that happens
to be oriented (say) perpendicular to the flow direction.
Suppose the stress tensor in coordinates defined by the
viscometer is given by
𝑚 𝜏 0
[ 𝜏 𝑛 0]
𝜎=[
],

(6)

[ 0 0 0]
where we work in two dimensions for simplicity. Replacing
𝑚 − 𝑛 with 𝑁1 , the tensor of principal stresses would then be
[113, 126]
2

[ 𝑚 + 𝑛 + √ ( 𝑁1 ) + 𝜏2
0
0]
[ 2
]
2
[
]
[
]. (7)
𝜎=[
2
]
𝑁
𝑚
+
𝑛
1
2
√ ( ) + 𝜏 0]
[
0
−
[
]
2
2
0
0
0
[
]

The maximal shear stress is thus
𝜏max = √ 𝜏2 + (

𝑁1 2
),
2

(8)

in which here 𝜏 is the “viscometric” shear stress imposed
perpendicular to the material flow (cf. [92]).
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Of course, whether the maximal shear stress can be
interpreted as the threshold for yielding depends upon
whether the Mises yield criterion holds or not. This has
been tacitly assumed in some theoretical developments [92],
perhaps as much for simplicity as anything else. Experimental
support for the Mises yield criterion was found by Ovarlez
et al. [127] for two different emulsions and a physical gel
(Carbopol); however, it should be recognised that these
“jammed systems” have entirely different mechanisms of
“unjamming” (i.e., yielding), namely, deformation of the
dispersed phase elements, than do colloidal gels, in which
bond breakage (or at least sliding) is needed. It is typically
very difficult to conclusively distinguish the form of the yield
stress surface from only a small number of data points (e.g.,
[128]). The yield envelope of real materials is liable to take
on a more complicated form than posited by the classical
theories (Mohr–Coulomb, Tresca, and Mises) [129, 130], and
it is simplistic to assume that any one of these yield criteria
is “normal.” Finally, the yield stress manifold is in principle
different for the distinct cases of static yield and dynamic yield
[131]. For these reasons, support for a Mises yield criterion in
“soft glassy materials” in general, and especially in attractive
colloidal particle networks, should be treated as preliminary
or approximate until more comprehensive data is at hand (cf.
[132]). Of special interest in the present context is that a Mises
yield criterion is deduced only to apply exactly in the absence
of normal stress differences [127, 131].
A separate problem, already alluded to, is the possibility
that the dimensions of the flowing portion of a sample may
differ substantially from those otherwise assumed [46]. If not
accounted for, this would result in misestimation of the shear
yield stress. Unfortunately, it is not easy to account for.
3.2. Application. The larger problem is that the purpose of
measuring, or otherwise estimating, shear yield stresses is
ultimately for their use in some application. That application
may involve equipment design, or process optimisation,
for example. In some disciplines (e.g., soil mechanics) the
expected and desired state of the material may be static, and
that might correspond neatly to the experimental measurement regime. On the other hand, in chemical engineering
applications, it may be intended that the material flows.
These sorts of conditions may produce more significant
nonlinear effects, including normal stress differences, than
are encountered in simpler rheometric flows [133].
Especially in complex industrial flows, the stress state of
the material in the application is probably different to the
state prevailing during the measurement. In other words,
the locus of the stress state with the yield envelope would
be different in the two cases. Furthermore, this would
suggest the yield envelope itself may evolve differently as the
yielding progresses. A better knowledge of the normal stress
differences is therefore needed [134].
The situations encountered in industry include any of
those shown schematically in Figure 7. Of most interest to
the present discussion are those in which the elastic network
response dominates, at least in a significant part of the volume
as in Figure 7(f) (cf. [135, 136]), if not throughout the entire
volume as in Figure 7(g).
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3.3. Inference. The preceding discussions have dealt with
complications in the analysis of rheometric or arbitrary flows.
A further motivation for measuring normal stress differences
is that by monitoring the normal stresses during, say, a vane
test experiment, it may be possible to get greater insight into
structure development (or breakdown) than by monitoring
the shear stress alone (cf. [137]).

4. Observations of Normal Stress Differences
in Aggregated Colloidal Systems
Most of the study of normal stress differences has been
directed toward polymer systems, with few data available in
the literature for colloidal and particulate materials [72, 105,
138, 139]. The extant data mostly indicate 0 ≲ −𝑁2 ≪ 𝑁1 (i.e.,
𝜎22 ≲ 𝜎33 ≪ 𝜎11 ) [41, 64], but this generalisation may not
be applicable to particulate systems, for which 𝑁2 ≲ 𝑁1 ≪ 0
has also been reported (i.e., 𝜎11 ≪ 𝜎22 ≪ 𝜎33 ) [105, 139] (cf.
[131, 138]). The limited data on suspensions refers mostly to
materials in which there is little or no aggregation of the
particles, as depicted in Figures 7(b), 7(c), and 7(e). (This is
distinct from ephemeral clusters arising due to hydrodynamic
forces, or “hydroclusters” [98, 134].) In these dispersed colloidal systems undergoing steady simple shear, the magnitude
of 𝑁1 becomes significant at higher solid fractions in the concentrated regime, approaching random close packing, being
comparable to the prevailing shear stress with O(𝑁1 /𝜏) ∼
10−1 to 10+1 [105, 138, 139]. The few available publications
that report normal stress differences for coagulated or flocculated systems relate mostly to weak, reversible flocculation,
with similar magnitudes of 𝑁1 /𝜏 [116, 140, 141], whereas
strongly aggregated colloids may have quite different properties [140].
Key results from Otsubo [140] are presented in Figure 8.
For each of the two solids concentrations the normal stress
differences only become significant at higher shear strain
rates. This already suggests that the normal stress differences
were generated by shear-induced alignment of individual
flocs, rather than by an intact particle network. That diagnosis
is supported by the fact that the measurements were carried
out in steady shear (in a cone-and-plate viscometer), so that
the accumulated shear strains can be expected to be beyond
the applicable yield strain.
A few research groups have recently reported normal
stress differences for aggregated suspensions [120, 142, 143].
However, the shear strains and strain rates imposed during
the measurement tended to be large, so that the material
response would not be that of a persistent particle network,
but rather of dispersed flocs in brief and intermittent contact,
of the sort sketched in Figure 7(d) or, possibly, Figure 7(f). In
such configurations, the solid phase does not resist much of
the imposed shear stress, in comparison to an intact particle
gel as sketched in Figure 7(g), in which the solid phase alone
can resist the whole shear load. Indeed the flocs described
by those researchers are often weak, sometimes even being
formed purely by hydrodynamic forces. Besides the large
strains imposed during measurement, often the experimental
protocol involved subjecting the samples to high shear prior
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Stratified, local flow
(f)

Elastic network
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Figure 7: Schematic of different physical flow behaviours of repulsive or granular particles (dispersed) and attractive particles (aggregated)
of various concentrations, in response to imposed shear. Arrows indicate increased ordering of particles.

to measurement, without mention of any pause for relaxation
and possible network reformation [120], greatly affecting
the material properties (see also [15, 144, 145]); the steady
shearing also led to macroscopic structuring, promoting
lubrication stresses, different to the original, macroscopically
homogeneous gel. A potential complication with the work of
Lin-Gibson et al. [142] is their use of polyisobutylene as the
carrier fluid; these polymers are generally viscoelastic [146].
For completeness it should be recognised that an isotropic
component to the flow-induced normal stresses acting on
the solid phase can also arise in dispersed particle systems
[105, 139]. Considering the physical mechanisms proposed
to contribute to this effect, and following from an absence
of experimental data to the contrary, we consider that this
isotropic parameter will be less relevant to aggregated systems
than the normal stress differences.

point is to consider the applicability of relations originally
derived for polymer melts to aggregated colloidal systems.
A commonly cited (e.g., [41, 64]) relation was derived
exactly by Coleman and Markovitz [147] for a “second-order
fluid,” as an approximation to the deformation of a general
simple fluid with fading memory (see [65]), in the zero-shearrate limit:
𝑁1 (𝛾)̇
𝐺 (𝜔)
=
lim
2
.
𝜔→0
̇
𝛾→0
𝜔2
𝛾̇ 2

limΨ1 (𝛾)̇ ≡ lim

̇
𝛾→0

(9)

Further discussion of (9) and other related formulae is
presented in the Supplementary Material.
It would be of interest to compare the normal stress
differences with the prevailing shear stress that might apply
in the limit of small 𝛾̇ for nonoscillatory flow. The shear stress
is found from [64]
𝜏 = 𝜂𝛾.̇

(10)

𝑁1 (𝛾)̇
𝐺 (𝜔)
.
= lim 2 
𝜔→0 𝐺 (𝜔)
̇
𝛾→0
𝜏

(11)

5. Models for Normal Stress Differences
To date there are no models that have been specifically developed to predict normal stress differences in aggregated colloidal systems, and so recourse must be made to generic models.

Hence

5.1. Relations for Viscoelastic Fluids. The most well-characterised rheological fluids are polymer melts [61], and a starting

Although approximate, there is at least a semblance of logic
in (11), with the ratio of normal stresses to shear stress being

lim
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Figure 8: Response of polymer-flocculated 80 nm copolymer particles for (a) 𝜑 = 0.05 and (b) 𝜑 = 0.20. Viscosity (T) and first normal stress
differences (•) in steady shear and magnitude of complex viscosity (—) and storage modulus (⊖) in oscillatory shear. (Reprinted from Otsubo
[140], with permission from Elsevier.)

proportional to the ratio of elastic and viscous response
components.
A more general version of (11), applicable at any shear
rate, has been separately suggested on theoretical and experimental grounds, for polymeric fluids, being known as Lodge’s
rubberlike liquid theory [148]. This yields [148]
𝑁1 = 2𝜏𝛾r,s ,

(12)

in which 𝛾r,s is the steady-state recoverable (i.e., elastic) shear
strain.
Alternative arguments and experimental data for polymer
solutions and melts yield a formula that differs by a factor of
two; namely [148],
𝑁1 = 𝜏𝛾r,s .

(13)

A variety of other superposition techniques have been
proposed for other applications (e.g., [66, 67, 149]). More
research is required to determine which of these superposition techniques—if any—can be applied to attractive
particulate systems.
5.2. Constitutive Models for Yield Stress Materials. As viscoelastic fluids do not exhibit a yield stress, we next present
details of three models that provide for a yield stress alongside
shear-induced normal stress differences both above and
below the nominal yield stress. While each model contains
an array of adjustable material parameters, the tendencies
described below are inherent to the models irrespective of
material parameter values.
5.2.1. Saramito’s First Model. Saramito [47] introduced a true
elastoviscoplastic macrorheological model, constructed from

a combination of four basic elements (cf. [150]). Before
yielding the model material behaves as a viscoelastic Kelvin–
Voigt object, while above the yield stress the material behaves
as a power-law viscoelastic fluid following Oldroyd’s theory.
Further features of the model are presented in the Supplementary Material.
For relatively large values of the Bingham number, that is,
for large values of the threshold stress and/or at small values
of the viscous resistance (slow oscillation, small amplitudes,
or low viscosity), the ratio of first normal stress difference to
shear stress can be estimated. Under oscillatory shear below
the critical stress we obtain
{1


for small |𝑐|
{2
mean {𝑁1 (𝑡)} {
≈{
{
mean {|𝜏 (𝑡)|}
{ 𝜋 |𝑐| for large |𝑐| ,
{4


max {𝑁1 (𝑡)} |𝑐| 1
=
+ , ∀𝑐,
max {|𝜏 (𝑡)|}
2 2

(14)

(15)

in which 𝑡 is time and 𝑐 is an “arbitrary constant” dependent
upon the initial stress state (cf. [92]).
These ratios show that the first normal stress difference
is predicted to be at least comparable to the shear stress, and
may in principle be many times greater. Note also that the
rate or magnitude of the shear strain does not enter into these
equations.
Saramito’s model does not expressly indicate the magnitude of 𝑁2 .
For moderate values of the Bingham number, solution is
only feasible by numerical methods. To provide a sense of
the transition, an analysis of the predictions for a Bingham
number of zero is provided here. This case corresponds to
the opposite limit from that taken above: it is reached for
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5.2.2. Model of Doraiswamy et al.11 . Doraiswamy et al. [91]
presented a model for a material that would deform elastically
below its yield stress and flow viscoplastically above 𝜏y . The
model is composed of Hooke’s equation below a critical
shear strain (corresponding to 𝜏y ), and the Herschel–Bulkley
equation above the critical shear strain. Further features of
the model are elaborated in the Supplementary Material.
It can be shown that, below the yield stress, the ratio of
the first normal stress difference to the shear stress under
oscillatory shear is approximately

1.4
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1.0
0.8
0.6





max {𝑁1 (𝑡)} mean {𝑁1 (𝑡)}
=
∼ 𝛾0 .
max {|𝜏 (𝑡)|}
mean {|𝜏 (𝑡)|}
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Ratio of first normal stress difference to shear stress,
max{|N1 |}/max{|𝜏|} (—)
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Weissenberg number, Wi ≡ 𝜆𝜔 (—)

Figure 9: Ratio of maximum first normal stress difference to maximum (nominal) shear stress magnitudes experienced in oscillatory
simple shear flow, as a function of the Weissenberg number, in
the limit of zero (or very small) Bingham number, according to
Saramito’s first model.

very large amplitude oscillation, although it is also attained
for negligible threshold shear stress, for very high frequency
oscillation, or when the viscosity is very high. (In all of these
conditions the viscous resistance controls the response.) By
taking a ratio of the maxima (as in (15)), it is possible to
obtain an indicative ratio of the first normal stress difference
to the nominal shear stress as a function of the Weissenberg
number, as presented in Figure 9. The Weissenberg number
may here be defined as Wi ≡ 𝜆𝜔, in which 𝜆 is the
material’s relaxation time, and 𝜔 is the frequency of the
imposed oscillation [47]. Recalling that, in the limit of large
Bingham number, (15) predicted a ratio of maximum stresses
of order 0.5, the data of Figure 9 suggest that as the Bingham
number is reduced, the stress ratio may increase somewhat at
moderate to high values of Wi, whereas it would be expected
to decrease at low values of Wi.
Precisely which ratio applies for a given experiment will
depend upon both the material properties and also the shear
regime to which it is exposed (not to mention the initial stress
condition).
Saramito [47] also simulated the transient stress development under simple shear at a constant rate. Although the
shear stress commenced at a magnitude greater than the first
normal stress difference, the growth in 𝑁1 was more rapid,
and ultimately the magnitude of 𝑁1 exceeded 𝜏 for the given
conditions.
These results reinforce the importance of considering
the influence of normal stresses not only upon the material
response prior to yielding, but also on the “steady-state”
behaviour.

(16)

This is also predicted by the Lodge–Meissner “rule” [133]
(cf. (12) and (13)). Given the small value of the shear strain
amplitude, 𝛾0 , expected prior to yielding (it must be no more
than 𝛾c ), the first normal stress difference is predicted to be
small in comparison to the shear stress, in contrast to the
predictions obtained by examining Saramito’s first model.
The model of Doraiswamy et al. predicts 𝑁2 = 0 for the
above conditions.
5.2.3. Saramito’s Second Model. In later work, Saramito [63]
explored the combination of a Kelvin–Voigt response below
the critical shear stress with a viscoelastic response at higher
stresses based on the Herschel–Bulkley equation. That is, he
effectively replaced the Oldroyd equation with a power-law
equation. The resulting system is similar to the model of
Doraiswamy et al. [91], except that viscous deformation is
permitted below the threshold stress. Further features of the
model are discussed in the Supplementary Material.
Just as in Saramito’s first model, his second model predicts
that when exposed to simple shear at a constant rate the
magnitude of 𝜏 is initially greater than 𝑁1 , but the transient
growth in 𝑁1 is more rapid, and ultimately the magnitude of
𝑁1 exceeds 𝜏 for the given conditions [63]. Notably, in the
initial period where the shear stress is less than the threshold
value, 𝜏 increases linearly with time, while 𝑁1 increases
quadratically—that is, the material behaves as an elastic solid,
obeying the Poynting law [63, 92]. This is consistent with
the first-order and second-order dependence of 𝜏 and 𝑁1 ,
respectively, upon shear strain for application of a constant
shear rate with the model of Doraiswamy et al. (see Supplementary Material, equations 23 and 26). An analogous result
has recently been reported for circular Couette flow [92].
The newer analyses also propose some surprising phenomena, whose practical effect is to cast further doubt over
results obtained in the presence of normal stress differences.
By applying Saramito’s second model to circular Couette flow,
it was discovered that the radial normal stress that existed
upon loading would persist perpetually in the unyielded
material around the outer wall of the cell; hence even steadystate flows are nonunique [92]. Meanwhile, experimental and
numerical modelling results showed that 𝑁1 could change
sign across the annular gap due to evolution of the azimuthal
normal stress [92]. The strong dependence of the measured
response upon the initial stress condition of the loaded
sample was proposed to explain much of the experimental
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nonreproducibility reported in the literature for materials
such as foams, emulsions, and colloidal gels [92].
Cheddadi et al. [92] went so far as to ask whether Couette
flow was at all desirable for the purpose of characterising
elastoviscoplastic materials. They concluded that the flow
regimes that occur would make interpretation of results difficult, especially due to the dependence upon the initial stress
condition prior to shearing, as per Figure 10. It was suggested
that a “high velocity preshear in the reverse direction” could
serve to “neutralise” normal stresses in the original sample.
It should be recognised that in a “vane” measurement
of the shear yield stress, most of the material is static.
According to the above analysis, this would mean that the
poorly reproducible stress history of the sample would have
a strong effect on the resulting material response. As alluded
to in Section 2.1.2, for aggregated colloidal systems, it is not
appropriate to conduct vigorous preshearing without time
allowed for reequilibration, because the material properties
are likely to change. Once the particulate network is broken,
even after resting, it may not be able to reform the original
structure, for example, due to “ageing” effects [24, 151].
These results imply a possible influence of normal stresses
not only upon the material response prior to yielding, but
also on the “steady-state” behaviour. The findings also have
implications for “validation” efforts, insofar as a measurement
of the radial normal stress is insufficient to draw conclusions
regarding 𝑁1 : it would be necessary to know the azimuthal
normal stress too.

6. Discussion
6.1. Dynamic Behaviour. Although it is often written that
𝑁1 = 𝑁1 (𝛾)̇ [41, 64] (cf. [139]), little is known about how
the normal stresses would develop—or relax [143, 152]—in
practice. Again, more data is available for polymer melts (e.g.,
[41, 148]) and polymer solutions (e.g., [153, 154]), although
even for these materials a diverse range of behaviours has
been reported. For strongly aggregated particulate networks
we expect that the evolution would depend more on shear
strain than on the shear strain rate (cf. [144]), because these
materials are not able to relax the elastic strain unless the
imposed stress is removed (cf. Figure 6(b)). Estimates of 𝜏y
made by monitoring the peak shear stress obtained while
rotating a vane at constant shear strain rate [90] might also
be somewhat affected. Other essentially “static” measurement
techniques can also be employed to obtain direct estimates of
𝜏y by observing the onset of plastic flow [90] and would be
less affected by normal stress differences—aside from those
due to sample preparation and loading.
As mentioned earlier, it is not just in measurement
scenarios that dynamic behaviours should be considered, but
also in the material applications. In practical applications, the
reestablishment of a gelled phase in low shear regions may
also be important, for which the possible influence of normal
stress differences has not been investigated up to now.
6.2. Ramifications. The effect of 𝑁1 on the shear yield stress
has not been previously considered. It is apparent that the
stress tensor that includes normal stresses arising due to shear
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flow will not be “similar” in form to the stress tensor that
is obtained by the simple superposition of shear flow in an
“undrained” pressurised system. Any pressure imposed in
such a system would be borne predominantly by the liquid
phase (cf. [139]), due to its much greater bulk modulus compared to that of the particle network (see [24]). As with the
particulate network stresses found in dewatering processes,
the different normal stresses arising as a consequence of
shear flow are associated exclusively with the solid phase,
because the liquid phase can accommodate only isotropic
stresses [139] (ignoring polymeric liquids). The combination
of stresses seems even to be different from that applicable
in experiments such as those of Channell [124], in which
a shear field is superimposed on a filtration operation (i.e.,
“drained”), due to differences in the lateral stresses relative
to the axial stress. In any case, it does not seem to be correct
to identify 𝑁1 as equal to the compressive yield stress (in the
absence of shear)—even if only “numerically”—as implied in
the “yield surface” specified by Holmqvist and Dahlkild [155].
It is of interest to consider how normal stress effects can
be distinguished. Ideally the models would be developed to
an extent that we would know the normal stresses arising in
various geometries and experimental configurations, so that
yield stresses estimated under the action of diverse normal
stress differences could be analysed that way. Currently the
need is for more experimental data, in which normal stress
differences are directly estimated. In an iterative process these
will inform the model development. Meanwhile, yield stress
measurements by a range of procedures will sometimes permit experimental assessment of normal stress differences, but
in some cases the experimental setups make measurement
of normal stress differences impossible. Some experimental
investigations have shown comparable estimates of the shear
yield stress using different techniques. It can be that in specific
cases either (i) the normal stress differences are small, (ii)
the effect of the normal stress differences on the yield stress
is small, or (iii) the effects of the normal stress differences
on the yield stress are similar in two different experimental
configurations. In working with weakly aggregated materials,
thixotropy may also be an issue. To a first approximation,
normal stress effects are proposed to be functions of strain,
rather than strain rate. Time-dependent effects could then
be explored by observing the yielding transition at different
experimental timescales.
6.3. Yield Stress and Yield Strain. One of the recurrent
questions in the field of rheology is whether any material
exhibits a “true” yield stress. As described earlier, practical
definitions of yielding delineate the behaviour of ordinary
flow and “creep” or demarcate specific yielding events. Even
though the plastic deformation is not identically zero below
these yield stresses, and some form of flow can be observed,
the particulates remain more-or-less interconnected.
It is expected that, to attain significant normal stress
differences, commensurate shear strains would have to be
attained. The foregoing analysis reveals that even where a
sample is nominally considered “brittle” due to a low yield
strain, in practice two features can contribute to increasing
the strain actually developed. First is flow by “creeping” below

Advances in Condensed Matter Physics

15

40
𝜏𝜃𝜃 − 𝜏rr
√2𝜂V/Δr

1
Bi

𝜃 (r)

V

0.15

20

0.1

10

0.5
0

0.05

−10

0
rc−

rc+

−20

0

−Bi
0

rc−

rc+

0.5

1

0

rc−

(r − r0 )/Δr

EVP−
Exp.

VP
EVP+
EVP0

rc+

0.5

1

(r − r0 )/Δr

EVP0
EVP−

VP
EVP+
(b)

(a)

40
−

√2𝜏r𝜃

𝜂V/Δr

30
Bi

20

10

0

rc−

rc+

0.5

1

(r − r0 )/Δr

EVP0
EVP−

VP
EVP+
(c)

Figure 10: Comparison between the steady-state solutions of the viscoplastic (VP) Herschel–Bulkley model and the elastoviscoplastic (EVP)
Saramito model in cylindrical Couette geometry with different residual stresses: (a) velocity, with experimental data (exp.) for a natural
bentonite suspension (from [136]); (b) normal stress; (c) shear stress. Lines: solutions of the EVP model with different initial stress conditions.
Thick solid line (EVP0 ): 𝜏𝜃𝜃 = 0; thin dashed line (EVP+ ): 𝜏𝜃𝜃 = +√2𝜏y ; thin dotted line (EVP− ): 𝜏𝜃𝜃 = −√2𝜏y ; thick dash-dotted line (VP). 𝑟c
represents the critical radius for flow. (Reprinted with permission from Cheddadi et al. [92]. Copyright 2012, The Society of Rheology.)
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the lowest yield stress criterion. Hence even materials with
merely “apparent” yield stresses are subject to interdependence of the shear and normal stresses. This was allowed
for in the two models of Saramito, which admitted creeplike deformation even below the threshold shear stress. The
second feature is the existence of secondary or tertiary yield
stress criteria, corresponding to much larger shear strains.
Under these conditions it is natural for significant normal
stress differences to occur. Large shear strains at incipient
yielding have also been reported from experimental measurements on strongly coagulated and strongly flocculated
colloidal suspensions, for example, shear yield strains of order
1 [99].

7. Conclusion
Attractive particle networks comprise a class of materials that
manifest complicated characteristic responses to imposed
loads or imposed deformation. Normal stress differences are
more familiar in elastic or viscoelastic materials. Yield stress
materials, such as particulate gels, are commonly assumed to
be rigid prior to yielding; however, they are more accurately
modelled as elastic prior to yielding, so that normal stress
differences can be generated upon shearing. Normal stress
differences of magnitude comparable to the nominal shear
stress are predicted in some models and supported by experimental data. Such large normal stress differences may impact
the behaviour and characterisation of yield stress materials in
two ways. First, the shear yield stress may be a function of
the normal stress differences, in which case it is important
to know the full tensorial stress state at yielding (cf. [92]),
in order to correctly locate the information upon the “yield
surface.” Second, the maximum shear stress experienced in
the material may not align with the geometry of the walls
and will be underestimated in the presence of normal stress
differences if these are not accounted for. As this topic has
received very little attention to date, opportunities remain to
gather more experimental data and to further develop the
applicable models.
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Endnotes
1. While the stereotypical colloidal network is often well
represented as an equilibrium system (at least while
not being deformed), biological systems are more likely
to comprise out-of-equilibrium systems—specifically,
“active colloids” [32]. Biomimetic synthetic objects use
microtechnology and nanoparticles to replicate some of
the behaviours of naturally occurring microorganisms
[29].
2. The concept of a threshold stress to produce plastic
(irreversible) yielding goes back much further, at least to
Maxwell circa 1871 [158] (cf. [52]), and arguably to Tresca
in 1864, or perhaps earlier (see [159]).
3. The attraction and network formation may be a result
of coagulation, flocculation, magnetic forces (e.g., [160]),
or some other means (cf. [161]); those details do not affect
the present analysis, provided that any external fields
that affect the particle interactions (e.g., [54, 162]) are
maintained constant or zero.
4. This demonstrates that the 𝜏y3 condition does not require
that the “majority of the particle-particle bonds are
broken” (cf. [95]), although we can expect that it corresponds to the minimum number of particle-particle
bonds occurring in the sequence.
5. The first “rheological” use cited by Barnes and Nguyen
[73] was in 1936.
6. It is generally accepted that this phenomenon is not
“true” slip of the sample [100], because the velocity varies
continuously through the embedding medium, from
zero at the wall up to the apparent slip velocity; however,
when depletion proceeds far enough that there is a layer
of fluid that is entirely free of the dispersed phase, then
the dispersed phase could be said to lose contact with
the opposing boundary, and this could reasonably be
described as true slip with respect to the dispersed phase
only.
7. Nevertheless, for very small strains (smaller than the
primary particle size), the deformation of a cohesionless
particle system, such as sand, would still be reversible;
the main difference is that the particles themselves would
not “drive” the recovery, but rather the system would rely
on external forces, such as the applied shear stress being
reversed, or gravitational potential.
8. The system as a whole is practically incompressible
when undrained; in the drained condition the network
compressibility is isolated, as the (incompressible) liquid
is allowed to drain out—corresponding to dewatering
[24]—or even to flow into the system; in a closed system
the pull on the plates by the network may be resisted by
an elevated superimposed (isotropic) pressure throughout the sample.
9. This is opposite to that presumed for the idealised
particulate force chains sketched in Figure 6(b).
10. Within elastic solids, the normal stresses set up in some
cases of shear deformation could lead to changes in
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volume, if not resisted, and potentially progress to failure
[104, 118]; these underlying stresses could be a useful way
to describe the dilatancy upon shearing that is a feature
of “critical state” soil mechanics [93]—or general shearenhanced volumetric strain [113]—although this link
does not appear to have been investigated previously.
11. This may alternatively be referred to as the “Rutgers–
Delaware model” (cf. [163]).
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