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We consider an insurance company whose surplus follows a diffusion process with proportional
reinsurance and impulse dividend control. Our objective is to maximize expected discounted
dividend payouts to shareholders of the company until the time of bankruptcy. To meet some
essential requirements of solvency control (e.g., bankruptcy not soon), we impose some constraints
on the insurance company’s dividend policy. Under two types of constraints, we derive the value
functions and optimal control policies of the company.

1. Introduction

Reinsurance is an effective tool for insurance companies to manage and control their exposure
to risk, and distributions of dividends are used by firms as a vehicle for distributing some of
their profits to their shareholders. The problem of determining an optimal dividend policy
can be formulated as a singular/regular stochastic control problem in absence of fixed
transaction costs, or an impulse control consisting of lump sum dividends distributed at
discrete moments of time with fixed transaction cost. For details, interested readers may refer
to Gerber [1], Asmussen and Taksar [2], Paulsen [3], Benkherouf and Bensoussan [4], and
Cadenillas et al. [5].

Recently, optimizing dividends payouts with solvency constraints have received much
attention. For example, Paulsen [6] and He et al. [7] studied optimal singular dividend
problems under barrier constraints with no reinsurance and proportional reinsurance,
respectively. Choulli et al. [8] investigated an optimal singular dividend problem under
constrained proportional reinsurance. Bai et al. [9] and Ormeci et al. [10] considered optimal
impulse dividend problems under different constraints. By these ideas we further discuss
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an optimal impulse control of an insurance company with proportional reinsurance policy
under some different solvency constraints.

The paper is organized as follows. In Section 2 we establish optimal impulse control
problems of the insurance company with proportional reinsurance policy and discrete
dividends. In Section 3, we derive the value function and an optimal policy under some
constraints of liquid reserves at impulse times. With some constraints of dividends amounts,
we obtain the value function and an optimal policy in Section 4. The final section gives
concluding remarks.

2. The Model

We fix a complete, filtered probability space (2, ¥, {¥:},P) on which a real-valued, ({¥:},P)-
standard Brownian motion is defined, where P is a real-world probability as usual. Consider
the following controlled process:

t t e
Xi=x+ f uu(s)ds + j ou(s)dWs — ZI{Tn<t]§nr (2.1)
0 0

n=1

where > 0,0 >0, u(t) € [0,1], and {7;; i = 1,2,...} is an increasing sequence of stopping
times and {¢;; i =1,2,...} is a sequence of random variables, associated with amounts of the
dividends paid to shareholders of an insurance company.
Definition 2.1. A pair

r={wS={wmn, ..., T ¢, 8, éu ..} (2.2)

is an admissible policy of an insurance company with initial capital x if it satisfies the

following conditions:
(1) foreachi=1,2,...and each t >0, {T; <t} € Frand ¢ € ¥+,

(2) the induced dividend process, say Q, defined by
Qr = D Iz <t)n (2.3)
n=1

is {¥:} adapted, increasing, and cadlag;

(3) 0<gi < Xr;

(4) the stochastic differential equation for X := {X; | t > 0} admits a unique strong
solution;

(5) u(t) € [0,1];

(6) P(limy, .7, <T) =0, forall T > 0.

We write I'1(x) for the space of these admissible policies.

For each o € Il(x), we write {X]" | t > 0} for the surplus process of the insurance
company associated with sr. Here the superscript o is added to emphasize the dependence
of the surplus process X7 on the strategy sr. The ruin time corresponding to i is defined as

T = inf{t >0 : X7 <0} (2.4)

To simplify the notation, we suppress the superscript or and write 7 := 77.



International Journal of Stochastic Analysis 3

The goal of the insurance company is to select an optimal strategy o € I'l(x) so as to
maximize the expected present value of dividends before bankruptcy.

Let K, (K > 0), be the fixed transaction cost attributed to the advisory and consulting
fees and k, (0 < k < 1), the proportional transaction cost due to taxes on dividends. Then the
optimization problem of the insurance company is to select or € Il(x) so as to maximize the
following performance function:

J(x,7) = E[ie*T"(—K + kg,,)I{TWST}] , (2.5)

n=1
where A is the impatient factor and A > 0, that is, to determine the value function

V(x) :==sup{J(x,x),r €Il(x)}, (2.6)

and the optimal strategy or* such that V(x) = J(x, 7*).

The value function V (x) is also called an optimal return function.

Without imposing any constraints, Cadenillas et al. [5] investigated the model under
the performance function (2.5) and showed that the (s, S) dividend policy is optimal, that
is, when the surplus reaches a barrier level S, it is reduced to s via a dividend payment,
and the process continues. To meet some requirements of solvency control (e.g., bankruptcy
not soon), we impose some constraints on the insurance company’s dividend policy. Under
solvency constraints X, > ¢, X5 > ¢, and 0 < ¢ < d, the optimal control problems are
presented in Sections 3 and 4, respectively

In what follows, we still use V(x) to denote the value function different cases of
constraints.

3.Case I X, >¢, X, > ¢

Without reinsurance, the constraints X, > ¢ and X, > { were considered by Bai et al. [9]. To
prove our main results, we first recall some results (Propositions 3.1-3.3) without constraints,
see Cadenillas et al. [5].

Proposition 3.1. The optimal return function V is a continuous, nondecreasing function in x
satisfying V(0) = 0.

To simplify our notation, we define

S S (el DL
(u?/20?) +1 0 u !
—u+/u? 2 —p— ]2 2
0. U+/p?+2\o o - U u>+2\o (3.1)
o? ’ o? ’
1 _g 0.x" —yx !
o = Y, _x, _ 0 - yx

0,-0. ' * 0, -0
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Proposition 3.2. The function v(x), subject to the linear growth condition v(x) < k(x + p/c) , is
continuously differentiable on (0, 00) and is twice continuously differentiable on (0, x1C ) U (xlc, 00),

where

Y
7 —_ 7
Cx 0<x<xg
v(x) = C(a1e9+(x‘x0) + azeef(x‘x(’)), xp<x< xlc,

k(x—376> +v<9~c€> -K, xelé.
Here C, %€, and xlé satisfy the following conditions:
v <§é> =y (xf) =k, v(xf) - v<5€6> = k(xlé - 556) - K.
Proposition 3.3. The control
ot = W T E) = (WS, T, T 8 G )
defined by

U
—Xi, 0<X; <x,
u*(t)zu*(Xf)z{Uz(l_Y) t t

1, X? 2 Xo,

Tl*:inf{tZOIX;:xf}'

and for every n > 2

where X* is the solution of the stochastic differential equation

t t ~ . oo
Xr=x+ f i (X2)ds +J ou (X)dW, - (x{ =) Y Iinen,
0 0 n=1

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

is the QVI control associated with the function v(x) defined by (3.2). This control is optimal, and the

function v(x) coincides with the value function. That is,

Vi(x) =v(x) = J(x,7%) = J(x;u", T, &7).

(3.8)
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For a function ¢ (x), we define the operator by

Define, for é > fé,

245(x) = 2070y () + ! () ~ Agp ().

Cx7, 0<x<x,
vy (x) = C(ae® ) 4 grebf-(-x0)) - x5 < x < I3
k(x-¢) +»(8) - K, x> ¢,

where C and ¢, satisfy the following conditions:

v (&) -v(¢) =k(&-¢)-K

We can easily prove that v’g (x) is convex on (0,¢;) and ¢; > X7

w(5) =k

Lemma 3.4. For { > ié,

(a) maxue[o’l]_ﬁ”vé(x) =0for0<x < Zl and maxue[o’l]_ﬁqu(x) <0 for x > Zl,

(b) for y > x > {, one has

C

v (y) -y (x) 2 k(y - x) - K,

and the equality holds when x = § and y > I

Proof. (a) For x < xy,

Let

max £"v; (x) = Cx"? max
elo,

uel0,1]

u*(x) = Argig[g)l(

]

l%ozuzy(y 1) + puyx - /\xz] =

[01]

[%quzy(y - 1) + puyx - )sz]

= Cx'? [%ozu*zy(y -1) + putyx - sz]

=0.

x* = Argmin v'é(x).

N
o?(y-1)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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That is, x* satisfies
4,02 =x0) 4 g,0% 8- ("= =, (3.15)
For xp < x < x¥,

U 10, e (%0 4 g,0_e0-(x—x0)
02 q102% 0+ (x=x0) 4,02 e0-(x—x0) °

u(x) = Arguer[r_lixoo]ﬁ"@(x) =- (3.16)

We can easily show that 1£(x) is an increasing function of x on (x¢, x*) and u(x) > u(xg) = 1.
For x* < x < ¢, the function v’g(x) is increasing and vg(x) > 0. Thus for xp < x < §;,

u*(x) = Arggg)f}ﬂ”l)g(x) =1,

1
u — — 2 2 0. (x—xp) 2 0_(x—xp)
121[8}]1 vg(x) 50 C[a19+e + axf%e ]

i ‘uC[a 10,520 4 g9 e@-(x—xo)] (3.17)

-AC [alee*(x‘x(’) + azee’(x_’“’)]

=0.

From the above steps of the proof, we notice that (1/ Z)sz’g’ (Zl—) + pk — )LVE (Zl) = 0. Thus, for

x>,
121[3>1<I£“v£(x) = 121[(?1(]{;mk - A[k(x _§> + v£<§> - K]}
= pk = A[k(x =) +v,(¢) - K]

< pk = Av; (31) (3.18)

(b) By the observation, vg(x) <kon (Q o). Consequently,

v
vé(y) —v(x) - k(y-x) = f <vé(z) — k)dz (3.19)

is smallest for x = fand y > ¢, with constrained condition y > x > ¢, and then it equals —K.
This completes the proof. O
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To consider the case where X,_ > Z and X; > ¢, we first consider the case where
Xy, > ¢ B

Proposition 3.5. Assume the dividend policy has to satisfy X, > ¢ for some positive ¢, that is, the
surplus is not allowed to be less than § immediately after the dividend payout. Then,

(@) ifg< %€, the optimal policy and the value function are as in Proposition 3.3;

(b) if ¢ > %€, the optimal policy and the value function are

H * *
i =w(xyy = A Py ERE S
(X =

1, X 2 X0,
i (3.20)
T =inf{t2 0:Xi = él},
§I = Zl - Q
and for every n > 2
m=inflt>7 X =3,
(3.21)

n=61-6

and V(x) = v£(x).

Proof. Part (a) is obvious since the optimal policy is feasible under the constraint.

The idea of the proof of Part (b) is similar to that of Corollary 2.2 of Alvarez and Lempa
[11]. B

Since v¢ (x) is not twice continuously differentiable at {;, we cannot use Ito’s differen-
tiation rule directly. However, we can show that there exists a sequence {v; , };1“;1 of mappings

ven € C*(R,) such thatasn — oo

(1) v¢n — v uniformly on compact subsets of R.;

(2) L*(v¢ ) — L*(ve) uniformly on compact subsets of R, \ /U, where A is a subset of
R, which of measure zero;

(3) {L"(vgn) }:f:l is locally bounded on R,.

Applying Ito’s differentiation rule to the mapping (t, x) — e v, ,(x), conditioning on
?Tj, and reordering terms yield -

e (Xry) = Eg, [e™ v (X )| - B, UTM_ e L, (Xs)ds], (3.22)

7

where XT]. > g
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Letting n — oo, applying Fatou’s theorem, and invoking the use of the variational
inequality £%v;(x) < 0 then result in the inequality

o\ %(XT]_) > Eg, [e-m v, (X]>] (3.23)

Taking expectation in both sides, we have

Elemvg ()] 2 E[e 7 (%) (324

Letting 79 = 0, summing over j, and applying the nonnegativity of the mapping v¢(x) give
VQ(X) > ZE [e_“f <V§<XT]-,> - vg<XT/>>I[T]'<T}] . (325)
j=1

Since X7, = X7, = ¢j, Vg(y) - Vg(x) >k(y-x)-Kwithy >x> g, we find that

vy(x) > E [En:e“f (k¢j - K)I‘W]J : (3.26)
j=1
Letting n — oo and invoking the use of the dominated convergence then imply that
vy(x) > E [ie“f (k¢j - K)I‘W]J : (3.27)
j=1
Using the strategy of Part (b) gives the equality
v (x)=E lie_w <k§; - K>I[T;<T]] . (3.28)
i
O

Theorem 3.6. Assume the dividend policy has to satisfy X, > ¢ and X, > ¢ for some positive § and
Z. Then,

(@) ifg< %Cand ¢ < x?, the optimal policy and value function are as in Proposition 3.3;

(b) if g < %€ and ¢> xlé, the optimal policy and value function are

—HE_x:, 0<x;<x,
w'(t) =u'(X;) = 4 *(1-7)
1, X? > Xo,
(329)
7 =inf{t>0:X; =},
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and for every n > 2

T, =infit>7, ;1 Xj = g},
g:l = z - SEC/
Cx?, 0<x<x, (3.30)
Vi(x) = veez(x) = C(are® =) 4 gped-tmx)) - 3y <x <,

k<x - 5EC> + vi5’5<526> -K, x> Z,
and C satisfies the following conditions:

vies (Z) - v&fg(ii‘) - k(Z - 555) ~K; (3.31)

(o) ifg> %€ and ¢ < &y, the optimal policy and value function are as in Proposition 3.5;

(d) if g> %Cand ¢ > ¢y, the optimal policy and value function are

—H %, 0<x;<x,
w(t) =u (X)) =4 0*(1-y)

1, X: 2 X,
(3.32)
T = inf{t >0: X} =Z},
G=0-¢
and for every n > 2
T, = mf{t >1, X[ = E},
L=0-¢
Cx7, 0<x<x, (3.33)
V(x) =vz(x) = C(are%20) 4 gyef- (=) - x5 <x <,

k(x-¢)+vz(6)-K  x>%,
and C satisfies the following condition:

v.2(8) - vz (¢) = k(¢-¢) - K. (3.34)
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Proof. Parts (a) and (c) are obvious since the optimal policy is feasible under the constraint.
The proofs of parts (b) and (d) are similar to Theorem 3.2 in [9], so we state the result here
without giving the proof. O

4.CaseII 0<¢;<d

Without reinsurance, the constraint 0 < ¢; < d was considered by Ormeci et al. [10].

If d < (K/k), by definition (2.5), we know that the optimal policy is 7} = co. So we
only consider the case where d > K/k.

If & = xl6 - %€ < d, the control band policy that is optimal for the unconstrained

problem is also optimal for the constrained problem. If &} = x{ — %€ > d, we will prove that a

control band policy is also an optimal policy for the constrained problem. To prove this result,
we use the Lagrangian relaxation, that is, to introduce a Lagrange multiplier 6 > 0. For each
scalar 6 > 0 and policy o, we define the Lagrangian function

J(x,7,8) = E I:ie_“" [-K + k¢, +6(d - gn)]ImsT:]

n=1

4.1)
= Eliie—)ﬂ'n [—(K - 6d) + (k - 6)§i]I{TnST]:| .

n=1

The resulting unconstrained problem is equivalent to the original problem with
parameters K — 6d and k — 6 and gives an upper bound on the objective function of the
original constrained problem. That is,

J(x, o) < J(x,,0), V(x) < sup J(x,o,6), for 0<6<K/d. (42)
0<é<d

By conditions 0 < 6 < K/d, d > K/k, we deduce that 6 < k. In the following, we find a
control band policy that achieves this bound thereby proving its optimality.

For 6 € [0, K/d] , if there exists an X € (0, x¢] satisfying

Cyiy‘l =k-6,
(4.3)
C( a0, 0+ (Frd=x0) a0 e@-(x+d—xo)> k-6,
then X satisfies
Yj*c‘y—l — a19+89+(f+d—xg) + aze,ee’@*d_xw, (44)
k-6
= (4.5)

_W_
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Define

f(6) = (k-06)d- (v(X +d) -v(X))
(4.6)
=(k-6)d- C<alee*(’~‘+d‘x0) + apel-(rrd—x0) _ w?y‘l),

where C and v(x) are given by (4.5) and (3.2), respectively.

Obviously, we have f(K/d) > 0. It can be shown that f(0) < I(é) = K, where I(é) can
be seen in Equation (5.25) of Cadenillas et al. [5]. For f(6) being a decreasing function of 6,
the equation

£(6)=K-6d (4.7)

has a unique solution 6* € (0, K/d).

If there does not exist an X € (0, x¢] satisfying (4.3), then there must exist an X € (xg, o0)
such that

C<a19+ee*(’7"‘°) + a29_e"*(’~“"0)> =k-6,

(4.8)
C((@10,e™F40) 1 gy 0 Frd=)) — k- 5,
which results in X satisfying
310,65 F0) 4 g0 o0-F%0) = 5.9, o Frdx0) | g 0 - (Frd-x0)
-6 (4.9)
" 210,% ) 1 g,0_f (F )|
Define
8(6) == (k- 06)d - (v(X +d) - v(X))
(4.10)
= (k- 6)d - C[ ay 8- GFrd=x0) | g o0-(Grd=x0) _ g o0:(F=x0) _ e&(i—xo)],
where C and v(x) are given by (4.11) and (3.2), respectively.
By a similar analysis, we also can show that the equation
g(6)=K-éd (4.11)

has a unique solution 6* € (0, K/d).
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Theorem 4.1. Assume the dividend policy has to satisfy 0 < &, < d. Then,
(a) if xf -3 < d, the optimal policy and value function are as in Proposition 3.3;

(b) if xlé - %C > d, the optimal policy and value function are

%XI, 0< X! <xo,
wt(t) = ur(x) = 4 02(1-7)
1/ X: 2 X0,
(4.12)
T =inf{t>0: X} =X+d},
¢ =d,
and for every n > 2
Tr=inf{t> 7, X =X+d},
G =d,
Cx7, 0<x < xo, (413)
V(x) = va(x) := § C(ae% 0 4 gyef-t—)), xo<x<X+d,

(k=0")(x=X) +va(X) - (K-06"d), x>X+d,
and C and X satisfy the following conditions:

V(®) =k-6, W, (E+d)=k-6, va(@+d)-va(®) = (k-5)d - (K -5d).
(4.14)

Proof. We only prove Part (b). By the above analysis and a similar proof of Cadenillas et al.
[5],

sup J(x,,8%) =E [Ze‘“ﬁ [-K + k& +6"(d - «;,t)]I{T;sT,g;_d:]

0sgi<oo n=1
=E [ie_m [-K + k&, 11 {r:sT,§;=d:] (+19)
=1
= J(x, o).
However,
J(x, %) < V(x) < sup J(x,r,6%) < sup J(x,a,6%). (4.16)

0<e<d 0<é<o0
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By (4.15) and (4.16), we obtain
J(x, %) = V(x), (4.17)

which results in the claim of the theorem. O

5. Conclusion

We have discussed some important issues about the combined optimal reinsurance and
dividend problem in the presence of both fixed and proportional transaction costs. We
supposed that the goal of the insurance company is to maximize the expected present value
of dividends and formulated the problem into an optimal impulse control problem. Under
some cases of constraints, we provided a detailed mathematical analysis for the solution of
the problem and derived that the optimal dividend strategy is still an (s, S)-(band)-policy.
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